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ON FULL ASYMPTOTICS OF REAL ANALYTIC TORSIONS
FOR COMPACT LOCALLY SYMMETRIC ORBIFOLDS

BINGX1AO LIU

We consider a certain sequence of flat vector bundles on a compact locally symmetric orbifold, and
we evaluate explicitly the associated asymptotic Ray—Singer real analytic torsion. The basic idea is to
computing the heat trace via Selberg’s trace formula, so that a key point in this paper is to evaluate the
orbital integrals associated with nontrivial elliptic elements. For that purpose, we deduce a geometric
localization formula, so that we can rewrite an elliptic orbital integral as a sum of certain identity orbital
integrals associated with the centralizer of that elliptic element. The explicit geometric formula of Bismut
for semisimple orbital integrals plays an essential role in these computations.
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1. Introduction

Let (Z,gTZ) be a closed Riemannian manifold of dimension m, and let F — Z be a complex vector
bundle equipped with a Hermitian metric #¥ and a flat connection V7. Let (Q*(Z, F), d%:F) be
the associated de Rham complex valued in F. It is equipped with an L,-metric induced by g7%, hF.
Let DZ-F>2 be the corresponding de Rham—Hodge Laplacian. The real analytic torsion 7(Z, F) is a
real-valued (graded) spectral invariant of D#4-F>2 introduced by Ray and Singer [1971; 1973]. When Z
is odd-dimensional and (F, VF F) is acyclic, this invariant does not depend on the metric data g7 %, h.
Ray and Singer also conjectured that, for a unitarily flat vector bundle F (i.e., VF S hF = 0), this invariant
coincides with the Reidemeister torsion, a topological invariant associated with (F, V¥ /) — Z. This
conjecture was later proved by Cheeger [1979] and Miiller [1978]. Using the Witten deformation, Bismut

and Zhang [1991; 1992] gave an extension of the Cheeger—Miiller theorem for arbitrary flat vector bundles.
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If Z is a compact orbifold, and if F is a flat orbifold vector bundle on Z, the Ray—Singer analytic
torsion 7 (Z, F) extends naturally to this case (see Definition 2.2.3). In particular, if F is acyclic, and
if Z and all the singular strata have odd dimensions, then 7 (Z, F) is independent of the metric data; see
[Shen and Yu 2022, Corollary 4.9]. We refer to [Ma 2005; Shen and Yu 2022] for more details.

We consider a certain sequence of (acyclic) flat vector bundles { F,; } sen On a compact locally symmetric
space Z, and we study the asymptotic behavior of 7(Z, F;) as d — +o00. When Z is a manifold, such
question was already studied by Miiller [2012], by Bismut, Ma and Zhang [Bismut et al. 2011; 2017] and
by Miiller and Pfaff [2013b; 2013a]. In particular, Bismut, Ma and Zhang [Bismut et al. 2011; 2017]
worked on the manifolds which are more general than locally symmetric manifolds. When Z is a compact
hyperbolic orbifold, such question was studied by Fedosova [2015] using the method of harmonic analysis.
Here, we consider this question for an arbitrary compact locally symmetric orbifold (of noncompact type).

Let G be a connected linear reductive Lie group equipped with a Cartan involution # € Aut(G) and an
invariant nondegenerate symmetric bilinear form B. Let K C G be the fixed-point set of 6, which is a
maximal compact subgroup of G. Put

X =G/K. (1.0.1)

Then X is a Riemannian symmetric space with the Riemannian metric induced from B. For convenience,
we also assume that G has a compact center; then X is of noncompact type.
Now let I' C G be a cocompact discrete subgroup. Set

Z =T\X. (1.0.2)

Then Z is a compact locally symmetric space. In general, Z is an orbifold. Let ¥Z denote the orbifold
resolution of the singular points in Z whose connected components correspond exactly to the nontrivial
elliptic conjugacy classes of T

Since G has compact center, the compact form U of G exists and is a connected compact linear
Lie group. If (E,pf, hF) is a unitary (analytic) representation of U, then it extends uniquely to a
representation of G by a unitary trick. In this way, F = G xg E is a vector bundle on X equipped with
an invariant flat connection V¥>/ (see Section 3.4 and (4.1.8)) and a unimodular Hermitian metric A%
induced by hE. Moreover, (F, vE.f , hF ) descends to a flat Hermitian orbifold vector bundle on Z, which
is still denoted by (F, VF>/ hF). Let DZ-F-2 denote the corresponding de Rham-Hodge Laplacian.

The fundamental rank 6(G) (or §(X)) of G (or X) is the difference of the complex ranks of G and
of K. As we will see in Theorem 4.1.4, if §(G) # 1, we always have

T(Z,F)=0. (1.0.3)

If F is defined instead by a unitary representation of I, this result is obtained by Moscovici and Stanton
[1991, Corollary 2.2]. If T is torsion-free, with F defined via a representation of G as above, (1.0.3)
was proved in [Bismut et al. 2017, Remark 8.7] by using Bismut’s formula for orbital integrals [2011,
Theorem 6.1.1]; see also [Ma 2019, Theorems 5.4 and 5.5]. A new proof was given in [Miiller and Pfaff
2013a, Proposition 4.2] (with a correction given in [Matz and Miiller 2023, p. 44]). Note that in [Ma
2019, Remark 5.6], it is indicated that, using essentially Theorem 5.4 of that work, the identity (1.0.3)
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still holds if I" is not torsion-free (i.e., Z is an orbifold), which gives us exactly Theorem 4.1.4 in this
paper. Due to this vanishing result, we only need to deal with the case §(G) = 1.

We now describe the sequence of flat vector bundles { F; } en Which is concerned here. Note that U
contains K as a Lie subgroup. Let 7" be a maximal torus of K, and let Ty be the maximal torus of U
containing 7. Let u be the Lie algebra of U, and let tyy C u be the Lie algebra of Ty. Let R(u, ty)
be the associated real root system with a system of positive roots R™ (u, ty7). Then let P4 (U) C ty
denote the set of (real) dominant weights of U with respect to the above root system. If A € P4 (U),
let (E;, pE*) be the irreducible unitary representation of U with the highest weight A. We extend it to
a representation of G. We require A to be nondegenerate, i.e., as G-representations, (E,, p£+) is not
isomorphic to (E;, p£* 0 ). We also take an arbitrary Ao € P14 (U). If d € N, let (E4, pE4, hEd) be
the unitary representation of U with highest weight dA + A¢. By Weyl’s dimension formula, dim E; is a
polynomial in d. This way, we get a sequence of (unimodular) flat vector bundles {(F;, VF4 hFfa)} o
on X oron Z.

Note that in Section 8.1 (see also [Bergeron and Venkatesh 2013, Lemma 4.1]), the nondegeneracy of
A implies that, for d large enough,

H*(Z,Fy;)=0. (1.0.4)

Furthermore, dim Z is odd when §(G) = 1. Then, for any sufficiently large d, T (Z, F;) is independent
of the different choices of h£d (or h¥a).

Let E[I'] be the finite set of elliptic classes in I'. Set E1[I'] = E[T']\{1}. The first main result in this
paper is the following theorem.

Theorem 1.0.1. Assume that 5(G) = 1. There exists a (real) polynomial P(d) in d, and for each
[y] € ET[T] there exists a nice exponential polynomial PEWYY(d) in d (i.e., a finite sum of the terms
of the form oedjezﬂ*/:ﬂd, witha € C, j € N, B € Q; see Definition 7.6.1) such that there exists a
constant ¢ > 0 for d large, we have

T(Z. F)=Pd)+ Y PEYId)+0 ™). (1.0.5)
[y]eE+[T]

Moreover, the degrees of P(d), PEYY(d) can be determined in terms of A, Ao.

For a hyperbolic 3-manifold Z, Miiller [2012, Theorem 1.1] computed explicitly the leading term
of T(Z,Fy) as d — +oo. In [Bismut et al. 2011; 2017], under a more general setting for a closed
manifold Z, Bismut, Ma and Zhang [Bismut et al. 2017, Remark 7.8] proved that there exists a constant
¢ > 0 such that

T(Z.Fg) = To,(Z, Fg) + O(e %), (1.0.6)

where T7,(Z, Fz) denotes the L,-torsion [Lott 1992; Mathai 1992] associated with F; — Z. Moreover,
they constructed universally an element W € Q*(Z, o(T Z)) (where o(T Z) denotes the orientation bundle
of T Z) such that if ng = deg E4, then

T, (Z, Fy) = d"0+1/ W+ O(@d™). (1.0.7)
zZ
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The integral of W in the right-hand side of (1.0.7) is called a W -invariant. If we specialize (1.0.7) for a
compact locally symmetric manifold Z, we get

TL,(Z, Fg) = d™ 1 Vol(Z)[W]™™ + O(d"™). (1.0.8)

In [Bismut et al. 2017, Section 8.7], the explicit computation on [W]™* was carried out for G = SL,(C)
to recover [Miiller 2012, Theorem 1.1].

We now compare (1.0.5) with (1.0.6). If ignoring that I' may act on X noneffectively, we can extend
the notion of L,-torsion to the orbifold Z, so that 7, (Z, Fy) is still defined in terms of the I'-trace of
the heat operators on X. Then P(d) in (1.0.5) is exactly 77, (Z, Fy). But different from (1.0.6), we still
have the nontrivial terms PEY1(d), [y] € ET[T] in (1.0.5). We will see, in a refined version of (1.0.5)
stated in Theorem 1.0.2, that PE [”](d ) is essentially a linear combination of certain L,-torsions for X Z
associated with [y] and A, Ao. Therefore, we can define an L-torsion for £Z as

TL,(2Z. Fy)= Y PEY(a). (1.0.9)
[y]eE+[T]

Then, as an analogue to (1.0.6), we restate our Theorem 1.0.1 as follows.

Theorem 1.0.1". Assume that T acts on X effectively. For Z = T'\X, as d — +00, we have
T(Z,Fg) = Tio(Z, Fg) + T, (SZ, Fg) + O(e™¢9). (1.0.10)

Moreover, T.,(Z, Fy) is a polynomial in d, and 7~'L2 (XZ, Fy) is a nice exponential polynomial in d.
Their leading terms can be determined in terms of W -invariants as in (1.0.8) .

To understand better on 7 1L,(2Z, Fy), we need to recall the results in [Miiller and Pfaff 2013a] (also
in [Miiller and Pfaff 2013b] for the hyperbolic case) for a compact locally symmetric manifold Z. They
gave a proof to (1.0.6) using Selberg’s trace formula, and then showed that 77,(Z, F;) is a polynomial
in d. Theorem 1.0.1” here is an extension of their results, which shows a nontrivial contribution from X Z.

Let us give more detail on the results in [Miiller and Pfaff 2013a]. Let DX-Fa:2 pe the G-invariant
Laplacian operator on X which is the lift of DZ-F4-2 For t > 0, let th Fa (x, x") denote the heat kernel
of %DX +Fa:2 with respect to the Riemannian volume element on X. For ¢ > 0, the identity orbital integral
Ix(Eg4,t) of p,X’Fd is defined as

Ty (Fy, 1) = i TE08Fas [(NA'(T?X) — %)th’Fd (x, x)], (1.0.11)

where NA*(TxX) is the number operator on A*(7} X), and the right-hand side of (1.0.11) is independent
of the choice of x € X. Let MZx(F,;,s), s € C, denote the Mellin transform (see (7.2.57)) of Zx (F;,t),
which is holomorphic at 0. Set

PIx(Fy) = a—iL:OMzX (Fy,s). (1.0.12)

The L,-torsion is defined as
T12(Z, Fg) = Vol(Z)PZx (Fy). (1.0.13)
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Using essentially Harish-Chandra’s Plancherel theorem for Zy (Fy,t), Miiller and Pfaff [2013a]
managed to show that PZy (Fy) is a polynomial in d (for d large enough). Moreover, if A9 = 0, there
exists a constant C # 0 such that

PIx(Fy)=C,ddimE, + R(d), (1.0.14)

where R(d) is a polynomial in d of degree no greater than deg dim E 4. They also gave concrete formulae
for C in some model cases [Miiller and Pfaft 2013a, Corollaries 1.4 and 1.5].

In Section 7.4, we use instead an explicit geometric formula of [Bismut 2011, Theorem 6.1.1] for
semisimple orbital integrals to give a different computation on PZy (F;). In Section 7.5, we verify that
our computational results coincide with the ones of [Miiller and Pfaff 2013a].

For the orbifold case, i.e., I' contains nontrivial elliptic elements, a key ingredient to Theorem 1.0.1 is
to evaluate explicitly the elliptic orbital integrals associated with [y] € ET[I]. For that purpose, we make
use of the full power of Bismut’s formula [2011, Theorem 6.1.1]. Note that if Z is a hyperbolic orbifold,
i.e., G = Spin(1, 2n + 1), the result in Theorem 1.0.1 (or Theorem 1.0.1") was obtained in [Fedosova
2015, Theorem 1.1], where she evaluated the elliptic orbital integrals using Harish-Chandra’s Plancherel
theorem.

In fact, we obtain in this paper a refined version of Theorem 1.0.1, where we give more explicit
descriptions of the exponential polynomials PEY1(d) and %LZ(EZ , Fy). Before stating this refined
result, we need to introduce some notation and facts.

Fix k € T, and let X(k) denote the fixed-point set of k acting on X. Then X(k) is a connected
symmetric space with §(X(k)) = 1. Let Z(k)° be the identity component of the centralizer Z (k) of k
in G. Then X (k) = Z(k)°/K(k)°, with K(k)® = Z(k)° N K. Let U(k) denote the centralizer of k
in U with Lie algebra u(k) C u. Then U(k)? is naturally a compact form of Z(k)°, and the triplet
(X(k), Z(k)°, U(k)®) becomes a smaller version of (X, G, U), except that Z(k)° may have noncompact
center. Note that Ty is also a maximal torus of U(k)?. We get the splitting of roots

R(u,ty) = R(u(k), ty) U R(ut(k), ty), (1.0.15)

where ut (k) is the orthogonal space of u(k) in u with respect to B. Let Rt (u(k), ty), RT (ut(k), ty)
be the induced positive roots, and let py, pyk) denote the half of the sum of the roots in R T(u, ty),
R (u(k), ty) respectively.

Let W(uc, ty,c) be the Weyl group associated with the pair (u, tyy). Put

W (k) = {w € W(ue, tye) | o (R (u(k), ty)) € RT (u, ty)}. (1.0.16)
Ifoe Wl} (k), let (o) denote its sign. For u € P44 (U), set

éO—(,UV'}_;Ou)"'pu (k) k
Myert @t k), ¢) Ea (k) — 1) ’

ol (0. 11) = £(0) (1.0.17)

where & is the character of Ty with (dominant) weight 277 +/—1c. It is clear that (p,g (0,dX + Ap) is an
oscillating term of the form ¢y e?” ﬁQd, with ¢; € C*, ¢ € R. If k is of finite order, then ¢; € Q.
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By an equivalent definition of nondegeneracy in Definition 7.3.1, for o € Wl} (k), oA is a nondegenerate
dominant weight of U(k)° with respect to 6| Z(k)o- Let E g 4 denote the unitary representations of U (k)°
(up to a finite central extension) with highest weight doA + 0 (Ao + pu) — puk), @ €N, and let {F(f’d tden
be the corresponding sequence of flat vector bundles on X (k).

Now we state our second main theorem, which refines Theorem 1.0.1.

Theorem 1.0.2. Assume that §(G) = 1.

(1) If ' C G is a cocompact discrete subgroup and y € U is elliptic, let S(y) denote the finite subgroup
of T' N\ Z(y) which acts on X(y) trivially. Then there exists a constant ¢ > 0, and, for each [y] € ET[T)],
there exists a nice exponential polynomial in d, denoted by PEx ,(Fy), such that, for Z = I'\ X, as
d — 400, we have

Vol(Z)
|S(D)]

Vol(I' N Z(y)\ X (v))
IS

T(Z,Fy) = PIx(Fa)+ Y PEx .y (Fg) +0(e™%).  (1.0.18)

[yleE+[T]

(2) Fix an elliptic [y] € ET[T']. Then PEx,, (F;) depends only on the conjugacy class of y in G and is
independent of the lattice T. If y is conjugate to k € T by an element in G, then we have the identity

Pexy(Fa)= Y of (0.dA+ )Py (FE,). (1.0.19)
oeWl (k)

Theorem 1.0.1 now is just a consequence of (1.0.18). Note that, for [y] € E*[I'], the (compact)
orbifold I' N Z(y)\ X (y) represents an orbifold stratum in X Z (see (3.4.13), Remark 3.4.3). An important
observation on (1.0.18) is that the sequence {7 (Z, F;)}4en encodes the volume information on Z as well
as on X Z. Moreover, combining (1.0.13), (1.0.18) with (1.0.19), we justify that the quantity 7~'L2 (ZZ,Fy)
defined by (1.0.9) is indeed a linear combination of L,-torsions such as 772(I' N Z(y)\X(y), F;" 2)
for XZ.

Now we explain our approach to Theorem 1.0.2. Let us start with defining PEx , (Fz) and (1.0.18).
In fact, T(Z, F;) can be rewritten as the derivative at 0 of the Mellin transform of

Trs[(NA'<T*Z) . %) exp(—@)], t>0, (1.0.20)

where Try| - | denotes the supertrace with respect to the Z,-grading on A*(T*Z).

If y € G is semisimple, let £, (F;,t) denote the orbital integral (see Section 3.3) of the Schwartz
kernel of (NA.(T*X) —m/2) exp(—t DX-Fa-2 /2) associated with y. Note that in Ex,y(Fg,t), we take the
supertrace of the endomorphism on A*(T*X) ® F (see (4.1.16)). Moreover, Ex,, (Fy,t) depends only
on the conjugacy class of y in G. Let MEx ,,(Fy, s) denote the Mellin transform of Ex , (Fy.1),t >0
with appropriate s € C. If y = 1, they are just Zy (F;,t), MZx(Fy,s) introduced in (1.0.11)—(1.0.12).

We use the notation in Section 3.5. Let [I'] denote the set of the conjugacy classes in I'. By applying
Selberg’s trace formula to Z = I'\ X, we get

Tr, [(NA-(T*Z) _ %> exp(_w _ Z Vol(T' N Z(y)\X(y))

& F;,1). 1.0.21
7 |S(y)| X,y( d ) ( )

[vlelT]
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Now we compare (1.0.18) with (1.0.21). Then a proof to (1.0.18) mainly includes the following three parts:

(1) We show that if [y] € E[I'], then ME&x ,, (F4, s) admits a meromorphic extension to s € C which is
holomorphic at s = 0. Thus we define

F)
PExy(Fa) = 5 SZOng,y(Fd,s)- (1.0.22)

Such consideration also holds for an arbitrary elliptic element y € G.

(2) If y € I is elliptic, then it is of finite order, and from (1.0.19), we get that PEx ,, (Fy) is a nice
exponential polynomial in d for d large enough.

(3) We prove that all the terms in the sum of (1.0.21) associated with nonelliptic [y] € [T"] contribute as
O™ in T(Z, Fy).

Indeed, to handle the contribution of the nonelliptic [y] € [I'], we use a spectral gap of D%-Fa>2 dye to
the nondegeneracy of A. By [Bismut et al. 2011, Théoreme 3.2], and [Bismut et al. 2017, Theorem 4.4]
which holds for a more general setting (see also [Miiller and Pfaff 2013a, Proposition 7.5, Corollary 7.6]
for a proof by using representation theory for symmetric spaces), there exist constants C > 0, ¢ > 0 such
that, for d e N,

D% Fa2 > g% _c. (1.0.23)

That also explains (1.0.4) for large d. Part (3) follows essentially from the same arguments as in [Miiller
and Pfaff 2013a, Section 8] and [Bismut et al. 2017, Sections 6.6, 7.2, Remarks 7.8, 8.15] which makes
good use of (1.0.23) and the fact that nonelliptic elements in I' admit a uniform strictly positive lower
bound for their displacement distances on X.

For elliptic y € I', we apply Bismut’s formula [2011, Theorem 6.1.1] to evaluate £x ,, (Fg, ). Then
we can write £x,,, (Fg, ) as a Gaussian-like integral with the integrand given as a product of an analytic
function determined by the adjoint action of y on Lie algebras and the character y g, of the representa-
tion E4. By coordinating these two factors, especially using all sorts of character formulae for yg,, we
can integrate it out. We show that £x , (Fy, 1) is a finite sum of the terms

t_j_%e_t(CdH))zQ(d)» (1.0.24)

where j € N, ¢ # 0, b are real constants, and Q(d) is a nice exponential polynomial in d. It is crucial
that ¢ # 0. Indeed, we will see in Section 7.3 that this quantity ¢ measures the difference between the
representations (E, p£4) and (E,, pE* 0 6).

As a consequence of (1.0.24), PEx,,, (Fy) in (1.0.22) is well-defined, which is clearly a nice exponential
polynomial in d (for d large enough). The details on these computations are carried out in Section 7.2,
where we apply the techniques inspired by the computations in Shen’s approach [2018, Section 7] to the
Fried conjecture and also in its extension to orbifold case in [Shen and Yu 2022].

The formula (1.0.19) gives a new and geometric approach to the above results on PEx , (Fy). It is
nicer in the sense that each PZy ) (F, (f ) 1s already well understood and related to the L»-torsions for the
singular stratum of Z. For proving it, we apply a geometric localization formula for x ,, (Fy4, t) as follows.
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Theorem 1.0.3. Assume that 5(G) = 1. We use the same notation as in Theorem 1.0.2. Lety =k € T.
Then, fort >0, d €N,
Exy(Fg.t)= Y @f (0.dA+Ao)Ixy(FE,.1). (1.0.25)
o€ W(} (k)

After taking the Mellin transform on both sides of (1.0.25), we get exactly (1.0.19). In Theorem 6.0.1,
we will show a general version of the above geometric localization formula for Ex , (Fy, ) associated
with any semisimple element y € G.

Our approach to Theorem 1.0.3 is a more delicate application of Bismut’s formula [2011, Theorem 6.1.1].
As we said, £x,, (Fg,1), IX(k)(Ff’d, t) are equal to integrals of some integrands involving y g, XEX
respectively. To relate the two sides of (1.0.25), we employ a generalized version of the Kirillov character
formula (see Theorem 5.4.4), which gives an explicit way of decomposing y g, |y)o into a sum of y g«
o€ W(} (k). This character formula was proved by Duflo, Heckman and Vergne [Duflo et al. 1984, ﬁ'.3,
Theorem (7)] under a general setting, and we will recall its special case for our need in Section 5.4. Then
we expand the integral formula for E ,, (Fy,t) carefully into a sum of certain integrals involving y EX
o€ W(} (k), which correspond to IX(k)(F(f,d, t) via Bismut’s formula. This way, we prove (1.0.25).

Theorem 1.0.3 can be interpreted as follows: the action of elliptic element y on X could lead to a
geometric localization onto its fixed-point set X (k) when we evaluate the orbital integrals. Even though
we only prove it for a very restrictive situation, we still expect such phenomenon in general due to a
geometric formulation for the semisimple orbital integrals; see [Bismut 2011, Chapter 4].

Finally, we note that in [Bismut et al. 2017, Section 8], the authors explained well how to use Bismut’s
formula for semisimple orbital integrals to study the asymptotic analytic torsion. Here, we go one step fur-
ther in that direction to get a refined evaluation on it. Bergeron and Venkatesh [2013] also studied the asymp-
totic analytic torsion but under a totally different setting. In [Liu 2018; 2021], the asymptotic equivariant
analytic torsion for a locally symmetric space was studied, and the oscillating terms also appeared naturally
in that case. Moreover, Finski [2018, Theorem 1.5] obtained the full asymptotic expansion of the holomor-
phic analytic torsions for the tensor powers of a given positive line bundle over a compact complex orbifold.

This paper is organized as follows. In Section 2, we recall the definition of Ray—Singer analytic torsion
for compact orbifolds. We also include a brief introduction to the orbifolds at beginning.

In Section 3, we introduce the explicit geometric formula of Bismut for semisimple orbital integrals
and the Selberg’s trace formula for compact locally symmetric orbifolds. They are the main tools to study
the analytic torsions in this paper.

In Section 4, we give a vanishing theorem for 7(Z, F), so that we only need to focus on the case
8(G)=1.

In Section 5, we study the Lie algebra of G provided §(G) = 1. Furthermore, we introduce a generalized
Kirillov formula for compact Lie groups.

In Section 6, we prove a general version of Theorem 1.0.3.

In Section 7, given the sequence { F,; }sen, We compute explicitly Ex ,, (Fy,t) in terms of root systems
for elliptic y; in particular, we prove (1.0.24). Then we give the formulae for PZx (F;), PEx,y (Fg).

Finally, in Section 8, we introduce the spectral gap (1.0.23) and we give a proof of Theorem 1.0.2.
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In this paper, if V is a real vector space and if E is a complex vector space, we will use the symbol
V ® E to denote the complex vector space V ®g E. If both V and E are complex vector spaces, then
V ® E is just the usual tensor over C.

2. Ray-Singer analytic torsion

In this section, we recall the definitions of the orbifold and the orbifold vector bundle. We also refer
to [Satake 1956; 1957; Adem et al. 2007, Chapter 1] for more details. Then we recall the definition of
Ray-Singer analytic torsion for compact orbifolds, where we refer to [Ma 2005; Shen and Yu 2022] for
more details. In particular, Shen and Yu [2022] extended many important results on real analytic torsion
from the manifold setting to the orbifold setting.

2.1. Orbifolds and orbifold vector bundles. et Z be a topological space.

Definition 2.1.1. If U is a connected open subset of Z, an orbifold chart for U is a triple (17 .y, Gy)
such that

o U is a connected open set of some R and Gy is a finite group acting smoothly and effectively on
U on the left;

e my is a continuous surjective U — U, which is invariant by a Gy -action;
¢ my induces a homeomorphism between GU\(7 and U.

If V C U is a connected open subset, an embedding of orbifold chart for the inclusion i : V — U is
an orbifold chart (17, my, Gy) for V and an orbifold chart ((7 , 7y, Gy) for U together with a smooth
embedding ¢y vy : V — U such that the following diagram commutes:

~  ¢uv -~

Vo, —U (2.1.1)

|l

V.U

If Uy, U, are two connected open subsets of Z with the charts (l71, mu,, Gu,). (ﬁz,nyz, Gu,)
respectively, we say that these two orbifold charts are compatible if, for any point z € U; N U, there exists
an open connected neighborhood V' C Uy N U, of z with an orbifold chart (17, v, Gy) such that there
exist two embeddings of orbifold charts ¢y, v : (V,7y,Gy) — (U, mu,, Gu,), du,v : (V,7y,Gy) —
(l~]2, ny,, Gy,). In this case, the diffeomorphism ¢y, y o ¢511V : ¢U1V(I7) — ¢U2V(I7) is called a
coordinate transformation.

Definition 2.1.2. An orbifold atlas on Z is couple (i,{) consisting of a cover U of open connected
subsets of Z and a family of compatible orbifold charts U= {(l~] .y, Gu)lveu-

An orbifold atlas (V,V) is called a refinement of (U4,{) if V is a refinement of ¢ and if every
orbifold chart in V has an embedding into some orbifold chart in /. Two orbifold atlas are said to be
equivalent if they have a common refinement, and the equivalent class of an orbifold atlas is called an
orbifold structure on Z.
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An orbifold is a second countable Hausdorff space equipped with an orbifold structure. It is said to
have dimension m if all the orbifold charts which define the orbifold structure are of dimension m.

If Z,Y are two orbifolds, a smooth map f : Z — Y is a continuous map from Z to Y such that it lifts
locally to an equivariant smooth map from an orbifold chart of Z to any orbifold chart of Y. In this way,
we can define the notion of smooth functions and the smooth action of Lie groups.

By [Shen and Yu 2022, Proposition 2.12], if " is discrete group acting smoothly and properly dis-
continuously on the left on an orbifold X, then Z = I'\ X has a canonical orbifold structure induced
from X.

In the sequel, let Z be an orbifold with an orbifold structure given by (I, ). If z € Z, there exists an
open connected neighborhood U, of z with a compatible orbifold chart (U, G, 7;) such that ;7 1(2)
contains only one point x € U,. Then G, does not depend on the choice of such open connected
neighborhood (up to canonical isomorphisms compatible with the orbifold structure), and G is called
the local group at z.

Put

Zreg:{zez | G; :{1}}’ Zsing:{ZEZ |GZ 7&{1}} (2.1.2)

Then Z.e, is naturally a smooth manifold. But Zg;, is not necessarily an orbifold. Kawasaki [1978,
Section 2] explained two different methods to view Zg,e as an immersed image of a disjoint union of
orbifolds. We just recall that method which appears naturally in Kawasaki’s local index theorems for
orbifolds [1978; 1979].

If z € Zging, let 1 = (19, (hb),..., (hlzz) be the conjugacy classes in G,. Put

SZ ={(z,(h{) |2 € Zgng, j =1,..., 15} (2.1.3)

Let (U 2, Gz, 1) be the local orbifold chart for z € Zgje such that n_l (z) contains only one point. For
j=1,...,1;,let U, 7kt - UZ be the fixed-point set of hZ, which is a submanifold of UZ Note that
U; ik C ngg Let Zg. (h) be the centralizer of 4% in G,. Then ZgG, (h]) acts smoothly on gk ?. Put

K! =ker(Zg.(h)) — Aut(ﬁzhz )). (2.1.4)

Then ((~th£ .ZG. (hé)/Kg, Jrg : ﬁzhé — ﬁzhé /Zg, (hi)) defines an orbifold chart near (z, (hi)) eX”Z.
They form an orbifold structure for ©Z. Let Z/, i =1,...,I, denote the connected components of the
orbifold ¥ Z.

The integer mé =K g | is called the multiplicity of ¥Z in Z at (z, (hé)). This defines a function
m:XZ — Z4. As explained in [Kawasaki 1978, Section 1], m is locally constant on ¥Z, and let
m; € Z4 be the value of m on Z' fori =1,...,1. We call m; the multiplicity of Z in Z. We will put

7Z°=7. my=1. (2.1.5)

Remark 2.1.3. In Definition 2.1.1, for an orbifold chart, we require the action Gy on U to be effective.
To emphasize this condition, the orbifold defined above is often called an effective orbifold. In fact,
we can drop this effectiveness; then we get a general version of the (possibly ineffective) orbifold, for
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example, using the orbifold groupoid; see [Adem et al. 2007, Definition 1.38]. The point-view of orbifold
groupoid provides a unified way to deal with effective and ineffective orbifolds.

As explained in [Adem et al. 2007, Example 2.5], for global quotient groupoids (including all the
effective orbifolds and certain ineffective orbifolds), a natural stratification called the inertia groupoid
was introduced as an extension of the one Ull —0Z I defined in (2.1.3)—(2.1.5). It plays a key role in the
study of the geometry of orbifolds. We will go back to this point in Sections 3.4 and 3.5. Through this
paper, the terminology orbifold will always refer to the effective one unless otherwise stated.

We say E is an orbifold vector bundle of rank r on Z if there exists a smooth map of orbifolds m: E — Z
such that, for any U € I/ and (U Gy.my) € U, there exists an orbifold chart (U E GU , T[U) of E such
that U is an vector bundle on U of rank r equipped an effective action of GU and 7; (U Ey =2~ 1(U).
Moreover, there exists a surjective group morphism ¥y : Gg — Gy such that the action of Gg on U is
identified via ¥y with the action of Gy on U. If we have an open embedding ouy : (V, JTv, Gy)—
U, ny, Gy ), we require that it lifts to the open embedding ¢UV (I7E nV , GE) — (UE nU , GE) of
the orbifold charts of E such that ¢UV VE S UE isa morphism of vector bundles associated with
the open embedding ¢y y : VU If every Yy : GE — Gy is an isomorphism of groups, we call E a
proper orbifold vector bundle on Z.

Note that if E is proper, then the rank of £ can be extended to a locally constant function p on X£Z.
The orbifold chart of Z’ is given by the triples such as

(0, Zg.(hD) /KL 7d O — T ) 76 (h1)).

By the above definition of E, we have an orblfold chart (U E Gg = Gy, nU) such that U is a Gy-
equivariant Vector bundle on U. Then, for x € UZ Z, hJ acts on the fibers U, JE linearly, so that we can set
o(z, (h))) = TeYz [h]] Then p is really a locally constant functionon ¥Z. Fori =1,...,[, let p; be
the value of p on the component Z'. We also put pg = r.

We call s : Z — E a smooth section of E over Z if it is a smooth map between orbifolds such that
mos =1Idz. We will use C°°(Z, E) to denote the vector space of smooth sections of E over Z.

Take an orbifold chart (U ,Gy,ny) € U of Z. Then Gy acts canonically on the tangent vector
bundle TU of U. The open embeddings of orbifold charts of Z also lift to the open embeddings of their
tangent vector bundles. This way, we get a proper orbifold vector bundle T'Z on Z, and the projection
w:TZ — Z is just given by the obvious projection TU — U. We call TZ the tangent vector bundle
of Z. If we equipped T'Z with Euclidean metric g7 4, we will call Z a Riemannian orbifold and call
gTZ a Riemannian metric of Z.

Let 2°(Z) denote the set of smooth differential forms of Z, which has a Z-graded structure by degrees.
The de Rham differential d Z:Q*(Z)— Q*+1(Z) is given by the family of de Rham differential operators
ayv: SZ’(U) —Qetl (U). Then we can define the de Rham complex (2*(Z), d %) of Z and the associated
de Rham cohomology H*(Z,R). By [Kawasaki 1978, Section 1], there is a natural isomorphism between
H*(Z,R) and the singular cohomology of the underlying topological space Z.

Now let us recall the integrals on Z. Assume that Z is compact. We may take a finite open covering
{U;}ier of the precompact orbifold charts for Z. Since Z is Hausdorff, there exists a partition of unity
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subordinate to this open cover. We can find a family of smooth functions {¢; € C°(Z)};es with values
in [0, 1] such that Supp(¢;) C U;, and that

=1 (2.1.6)
~ ~ G iel
Take ¢; = ﬂ;i (¢i) e CE°(U;)7Yi.
If « € Q"(Z,0(T Z)), let ay, be its lift on the chart (171-, my;, Gy;). We define

1 ~
= i Ay, 2.1.7
/Za EIGU,-I/aMU' 2.1.7)

By [Shen and Yu 2022, Section 3.2], if @ € ™ (Z,0(T Z)), then « is also integrable on Z g, so that

/a=/ o. (2.1.8)
z Zirea

/ da=0. (2.1.9)
Z

Alsoif o € Q*(Z,0(T Z)), we have

If (Z,gT%) is a Riemannian orbifold, we can define the integration of functions on Z with respect to
the Riemannian volume element. If we have a Hermitian orbifold vector bundle (F, hf) — (Z, gT%),
one can define the L, scalar product for the space of continuous sections of F' as usual. Then, after
completion, we get the Hilbert space L2(Z, F).

Chern—Weil theory on the characteristic forms extends to orbifolds, where their constructions are
parallel to the case of smooth manifolds. We refer to [Shen and Yu 2022, Section 3.4] for more details.
Note that the characteristic forms are not only defined on Z but also defined on £Z. The part XZ has a
nontrivial contribution in Kawasaki’s local index theorems for orbifolds [1978; 1979].

Finally, we introduce the orbifold Euler characteristic number of (Z, gT%) [Satake 1957]. Let VI % =
(vTUi }u; e be the Levi-Civita connection on 7' Z associated with gTZ. The Euler form e(TZ,VT%)

QM™(Z,0(TZ)) is given by the family of closed forms
(e(@;. VU € @"(T;. o(TT:)) 5V Yy, eur (2.1.10)

If Z is oriented, then we can view e(T Z, VT %) as a differential form on Z.
If Z is compact, set

Yorb(Z) = / e(TZ,VT%). (2.1.11)
z
By [Satake 1957, Section 3], yorr(Z) is a rational number, and it vanishes when Z is odd-dimensional.

2.2. Flat vector bundles and analytic torsions of orbifolds. If (F, V¥ is an orbifold vector bundle
over Z with a connection V¥, we call (F, VF) a flat vector bundle if the curvature R = V2 vanishes
identically on Z. A detailed discussion for the flat vector bundles on Z is given in [Shen and Yu 2022,
Sections 2.3-2.5].

Let (Z,g7%)bea compact Riemannian orbifold of dimension m. Let (F, V) be a flat complex orb-
ifold vector bundle of rank r on Z with Hermitian metric 2. Note that we do not assume that F is proper.
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Let Q°(Z, F) be the set of smooth sections of A*(T*Z)® F on Z. Let dZ be the exterior differential
acting on Q°*(Z, R).

Definition 2.2.1. Fori = 0,1,...,m, if « € Q' (Z,R), s € C®(Z, F), the operator d%-F acting on
QI(Z, F) is defined by
d“F(a®s)=(@d?a)®s+ () arViseQ T (zZ, F). (2.2.1)

Since VI>2 =0, then (Q*(Z, F),d?%°F) is a complex, which is called the de Rham complex for the
flat orbifold vector bundle (F, VF) on Z. Let H*(Z, F) denote the corresponding de Rham cohomology
group of Z valued in F, as in the case of closed manifolds, H*(Z, F) is always finite-dimensional.

Let (-, )Ae(r*z)eF,z be the Hermitian metric on A*(TZ) ® F, z € Z induced by gZTZ and hf.
Let dv be the Riemannian volume element on Z induced by gTZ. The L,-scalar product on Q*(Z, F)
is given as follows: if s, s’ € Q*(Z, F), then

(5.8") 12 = fz (5(2). 5 a2y Fr dV(Z). (222)

By (2.1.8), it will be the same if we take the integrals on Z .
Let dZ-F>* be the formal adjoint of d Z.F \ith respect to the above L,-metric on Q*(Z, F); i.e., for
s,5' € Q%Z,F),
(dZ%F*s. 5" 2 = (5.d%Fs") 2. (2.2.3)
Then d %4-F+* is a first-order differential operator acting 2°(Z, F) on which decreases the degree by 1.

Definition 2.2.2. The de Rham—Hodge operator DZ-F of Q*(Z, F) is defined as
D%F =q%F 4 qZ:Fx, (2.2.4)
It is a first-order self-adjoint elliptic differential operator acting on Q°(Z, F).
The Hodge Laplacian is

DFZ2 _ [qZF gZFx — gZ.F gZFx | gZ.FxgZF (2.2.5)

DZ,F,Z

Here, [-, -] denotes the supercommutator. Then is a second-order essentially self-adjoint nonneg-

ative elliptic operator, which preserves the degree.
The Hodge decomposition for Q°*(Z, F) still holds in this case (see [Ma 2005, Proposition 2.2; Dai
and Yu 2017, Proposition 2.1]),

Q*(Z.F) =ket(D%F2|qez. 7)) ® Mm@ F | gtz py) @Im(dZ T *geti(z 7). (22.6)
Then we have the canonical identification of vector spaces,

H*(Z,F):=ker D% T2 ~ H*(Z, F). (2.2.7)
Put

XZ. F)y=) (-1)/ dimH/(Z.F). (2.2.8)
j=0
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If F is proper, recall that the numbers p;, i = 0,...,[, are defined in previous subsection as the
extension of the rank of F. Then by [Shen and Yu 2022, Theorem 4.3], we have

Xorb(Zi)
—WI' .

1

1
WZ.F)=Y pi (2.2.9)
i=0
The right-hand side of (2.2.9) contains the nontrivial contributions from ¥ Z.

Let P denote the orthogonal projection from Q°®(Z, F) to #*(Z, F). Let %+ denote the orthogonal
subspace of H*(Z, F) in Q*(Z, F), and let (D%F>2)~1 be the inverse of D%F>2 acting on #+. Let
NA*(TZ) pe the number operator on A*(T*Z) which acts on A/ (T*Z) by multiplication of .

For s € C, 9i(s) is large enough; set

H(F)(s) = —Tis[NA T2 (pZ.F.2)=s)
1 +

o0
=—— Trs[INA T2 exp(—t D% F2)(1 = P)|e* 1 d1, (2.2.10)
I'(s) Jo

where I"(s) is the gamma function for s € C. By the short time asymptotic expansions of the heat trace
(see [Ma 2005, Proposition 2.1]), ¥ (F)(s) admits a unique meromorphic extension to s € C which is
holomorphic at s = 0.

Definition 2.2.3. Let 7(g7%, V¥, hf) € R be given by
T 2, VF hFy= 4| 9(F)s). @2.2.11)
ds s=0

The quantity 7(g7%, VE, hf) is called Ray—Singer analytic torsion associated with (F, VF hT).

By [Shen and Yu 2022, Proposition 4.6, Corollary 4.9], for an orientable closed orbifold Z, if m is even
and F is unitarily flat, then T(gTZ, vF, hF) =0; if m is odd and F is acyclic, then T(gTZ, VF, hF) is
independent of the metrics g7 # and h¥.

Now we explain how to evaluate 7 (g7 4, VF, h) in practice when F is acyclic. Using the analogous
arguments in [Bismut and Zhang 1992, Theorem 7.10, Section XI], as t — 0%, the heat supertrace
Trs[(N2 T2 — 1 /2) exp(—t DZ-F2/2)] either has a leading term as a multiple of 1/4/7 or is a small
quantity as O(+/1); see [Shen and Yu 2022, equation (4.37)]. To deal with this possible divergent term
1/ A/t in the integral of (2.2.10), we proceed as in the proof of [Bismut and Lott 1995, Theorem 3.29].
For ¢ > 0, put

be(gT%, F) = (1 + 2t8%) Trs[(N“T*Z) _ %) exp(—@)]. (2.2.12)

By [Bismut and Zhang 1992, Theorem 7.10; Bismut and Lott 1995, Theorem 2.13; Shen and Yu 2022,
Section 4.3] and since F is acyclic, as t — 0,

bi(gT%, F) = O(V1); (2.2.13)

ast — +o0,

TZ _ A L
bi(g ,F)_O(ﬁ). (2.2.14)
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By [Bismut and Lott 1995, Theorem 3.29; Shen and Yu 2022, Corollary 4.14], we have

oo dt
T(e"% vF hf) = - / be(g™%. F) (2.2.15)
0
One particular case is that if, for t > 0, we always have
o Z,F)2
Trs[(NA (T*2) _ %) exp(—[DT)] —0, (2.2.16)

then T(g7%, V¥, hF) = 0. This holds even for nonacyclic F.

3. Orbital integrals and locally symmetric spaces

In this section, we recall the geometry of the symmetric space X, and we recall an explicit geometric
formula for semisimple orbital integrals obtained in [Bismut 2011, Chapter 6] . Then, given a cocompact
discrete subgroup I' C G, we describe the orbifold structure on Z = I'\ X, and we give Selberg’s trace
formula for Z.

In this section, G is taken to be a connected linear real reductive Lie group; we do not require that
it has a compact center. Then X is a symmetric space which may have de Rham components of both
noncompact type and Euclidean type.

3.1. Real reductive Lie group. Let G be a connected linear real reductive Lie group with Lie algebra g,
and let 8 € Aut(G) be a Cartan involution. Let K be the fixed-point set of 6 in G. Then K is a maximal
compact subgroup of G, and let £ be its Lie algebra. Let p C g be the eigenspace of 6 associated with the
eigenvalue —1. The Cartan decomposition of g is given by

g=pdEL. (3.1.1)
Put m = dimp, n =dim¢.

Let B be a G- and #-invariant nondegenerate symmetric bilinear form on g, which is positive on p and
negative on €. It induces a symmetric bilinear form B* on g* which extends to a symmetric bilinear form
on A*(g*). The K-invariant bilinear form (-,-) = —B(-, 0 -) is a scalar product on g, which extends to
a scalar product on A*(g*). We will use | - | to denote the norm under this scalar product.

Let U g be the universal enveloping algebra of g. Let C® € U g be the Casimir element associated with B;
ie., if {ej}i=1 m+n 18 the dual basis of g with respect to B, then

..........

CO==> efei. (3.1.2)
We can identify U g with the algebra of left-invariant differential operators over G; then C¥9 is a second-
order differential operator, which is Ad(G)-invariant. Similarly, let C* € Ut denote the Casimir operator
associated with (¢, B).
Let 34 C g be the center of g. Put
gss = [0. 0. (3.1.3)
Then

9=13g D Gss- (3.1.4)
They are orthogonal with respect to B.
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Let Zg be the center of G, and let G be the closed analytic subgroup of G associated with gg; see
[Knapp 2002, Corollary 7.11]. Then G is the commutative product of Zg and Gg; in particular,

G = Z2Gss. (3.1.5)
Let i = +/—1 denote one square root of —1. Put
u=+—-1p@t. (3.1.6)

For simplicity, if a € p, we write ia or ~/—1la € ~/—1p C u to denote the corresponding vector.
Then u is a (real) Lie algebra, which is called the compact form of g. Then

gc = uc. 3.1.7)

Let G¢ be the complexification of G with Lie algebra gc, which is closed and linear reductive [Knapp
1986, Proposition 5.6]. Then G is the analytic subgroup of G¢ with Lie algebra g. Let U C G¢ be the
analytic subgroup associated with u. If G has compact center, i.e., 33 N p = {0}, then by [Knapp 1986,
Proposition 5.3], U is compact; since G is closed, U is a maximal compact subgroup of G¢.

Definition 3.1.1. An element y € G is said to be semisimple if there exists g € G such that

y=g(%)g™ ', aep, kekK, Adk)a=a. (3.1.8)

We call y, = ge®g~ ! and y, = gkg™! the hyperbolic and elliptic parts of y. These two parts are uniquely

determined by y. If y;, = 1, we say y is elliptic, and if y, = 1 and y, # 1, we say y is hyperbolic.

Let Z(y) be the centralizer of y in G. If v € g, let Z(v) C G be the stabilizer of v in G via the adjoint
action. Let 3(y), 3(v) be the Lie algebras of Z(y), Z(v) respectively. If y = y, v, is semisimple as above,
by [Eberlein 1996, Theorem 2.19.23; Knapp 2002, Lemma 7.36],

Z(y)=Z(yn) N Z(ye), Z(yn) = Z(Ad(g)a). (3.1.9)

By [Knapp 2002, Proposition 7.25], Z(y) is reductive (possibly with several connected components).
Set
0, = C(2)0C(g™). (3.1.10)

Then 0, defines a Cartan involution on Z(y). Let K(y) be the fixed-point set of 6, in Z(y); then
K(y)=Z(y)ngkg" (3.1.11)

Let Z(y)°, K(y)° be the connected components of the identities of Z(y), K(y) respectively. By
[Bismut 2011, Theorem 3.3.1],

Z() _ Z()°

K@y) K»°

Moreover, K(y), K(y)? are maximal compact subgroups of Z(y), Z(y)° respectively.

(3.1.12)

Taking the corresponding Lie algebras in (3.1.9), we have

3(v) =3(v) N3(Ye),  3(vn) = 3(Ad(g)a). (3.1.13)
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Let £(y) C 3(y) be the Lie algebra of K(y). Put

p(y) =5(y) N Ad(g)p. (3.1.14)
Then the Cartan decomposition of 3(y) with respect to 6, is given by
() =ty)®py). (3.1.15)

Let B;(y) denote the restriction of B on 3(y) X 3(y). Then B,y is invariant under the adjoint action of 0,
on 3(y). Moreover, B;(,) is positive on p(y) and negative on £(y). The splitting in (3.1.15) is orthogonal
with respect to Bj(y).

3.2. Symmetric space. Set
X =G/K. (3.2.1)

Then X is a smooth manifold with the smooth structure induced by G. By definition, X is diffeomorphic
to p.
Let w9 € Q1(G, g) be the canonical left-invariant 1-form on G. Then by (3.1.1),

0% = o + 0. (3.2.2)

Let p : G — X denote the obvious projection. Then p is a K-principal bundle over X. Then o' is a
connection form of this principal bundle. The associated curvature form

Q' =do' + o' o' = - 1[0’ o). (3.2.3)

If (E, p£ . hF) is a finite-dimensional unitary or Euclidean representation of K, then F = G xg E
defines a vector bundle over X equipped with a metric 4% induced by ¥ and a unitary or a Euclidean
connection VF induced by w®. Note that G acts on (F, hf,VF) — X equivariantly on the left; more
precisely, for y € G, (g,v) € G xg E, the action of y on F is represented by

y(g.v) = (yg.v) € G xg E. (3.2.4)

In particular, we have the identification
TX =G xgp, (3.2.5)

where the right-hand side is defined by the adjoint action of K on p. The bilinear form B restricting to p
gives a Riemannian metric g7%, and ! induces the associated Levi-Civita connection V7X. Then G
acts on (X, g7X) isometrically. Let d(-,-) denote the Riemannian distance on X.

Let C(G, E) denote the set of continuous map from G into E. If k € K, s € C(G, E), put

(k.5)(g) = p& (k)s(gk). (3.2.6)

Let Cx (G, E) be the set of K-invariant maps in C(G, E). Let C(X, F) denote the continuous sections
of F over X. Then

Cx(G,E)y=C(X, F). (3.2.7)
Also C°(G,E) = C®(X, F).
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The Casimir operator C? acting on C*°(G, E) preserves Cg°(G, E), so it induces an operator C 8.X
acting on C*®°(X, F). Let A”-X be the Bochner Laplacian acting on C*®° (X, F) given by V¥, and let
CYE € End(E) be the action of the Casimir C® on E via p£. The element C%¥ induces a self-adjoint
section of End(F') over X. Then

Cg,X — _AH,X + C&E' (328)

Let Ct" € End(p), C®* € End(£) be the actions of C* acting on p, £ via the adjoint actions. Moreover,
we can also view C %P as a parallel section of End(7'X).

If A € End(E) commutes with K, then it can be viewed a parallel section of End(F) over X. Let dx

be the Riemannian volume element of (X, g7%).

Definition 3.2.1. Let Eff be the Bochner-like Laplacian acting on C*° (X, F) given by
Fort >0, x,x' € X, let th(x, x") denote its heat kernel with respect to dx’.

Since 5131( is G-invariant, th (x, x’) lifts to a function p;X (g,g’) on G x G valued in End(E) such that,
forg” € G, k,k' e K,

pi(g"s.8"¢)=p¥g.&). p¥gk.g'k"y=pE*")pf (g 80" K). (3.2.10)
We set
pi(g)=p¥(l.g). (3.2.11)

Then p;Y is a K x K-invariant smooth function on G valued in End(E). We will not distinguish the heat
kernel p;X (x, x") and the function th (g) in the sequel.

3.3. Bismut’s formula for semisimple orbital integrals. Let dg be the left-invariant Haar measure on G
induced by (g, (-,-)). Since G is unimodular, dg is also right-invariant. Let d k be the Haar measure
on K induced by —B|¢; then

dg =dxdk. (3.3.1)

Now let y € G be a semisimple element given as in (3.1.8).

By [Eberlein 1996, Definition 2.19.21; Bismut 2011, Theorem 3.1.2], y € G is semisimple if and
only if the displacement function X > x — d(x, yx) on X associated with y can reach its minimum
my > 01in X. In this case, the minimizing set X (y) of this displacement function is a geodesically convex
submanifold of X, and by [Bismut 2011, Theorem 3.3.1],

L Z0° _Z()

XOV= K00 = Koy

(3.3.2)

Moreover, we have
my = lal. (3.3.3)
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Let dy be the Riemannian volume element of X(y), and let dz be the bi-invariant Haar measure on
Z(y) induced by B;(,). Let dk(y) be the Haar measure on K(y) such that

dz =dydk(y). (3.3.4)

Let Vol(K(y)\ K) be the volume of K(y)\K with respect to dk, dk(y). Then we have
Vol(K)

Vol(K(y)\K) = W. (3.3.5)
Let dv be the G-left invariant measure on Z(y)\G such that
dg =dz dv. (3.3.6)
By [Bismut 2011, Definition 4.2.2, Proposition 4.4.2], for ¢ > 0, the orbital integral
TrlV] [exp(—tﬁff)] = ! T [th(v_1 yv)] dv (3.3.7)

Vol(K(»)\K) Jzon6

is well-defined. As indicated by the notation, it only depends on the conjugacy class [y] of y in G.

Using the theory of hypoelliptic Laplacian and the techniques from local index theory, Bismut obtained
an explicit geometric formula for TrlY] [exp(—tﬁff )] in [Bismut 2011, Theorem 6.1.1] as well as its
extension to the wave operators of L;’f [Bismut 2011, Section 6.3]. Now we describe in detail this formula.
We may and we will assume that

y=¢%, acp, kekK, Adk)a=a. (3.3.8)
Put
30 =3(a), po=kerad(a)Nyp, ¢ =kerad(a)Nt. (3.3.9

Let 33‘, pol, Eol be the orthogonal vector spaces to 39, Po, £o in g, p, € with respect to B. Then
30 =Po®to, 3y =py Dy (3.3.10)

By [Bismut 2011, equation (3.3.6)],
3(y) =30N3(k). (3.3.11)

Also p(y), €(y) are subspaces of pg, £y respectively. Let 30L(y), pol(y), Eé () be the orthogonal spaces
to 3(y). p(y), &(y) in 30, po. to. Then

() =py () @G (»). (3.3.12)

Also the action ad(a) gives an isomorphism between pé‘ and E(J)-.

For Y(f € t(y), ad(YOB) preserves p(y), &(y), p(J)-(y), E(J)- (), and it is an antisymmetric endomorphism
with respect to the scalar product.

Recall that the function A is given by

x/2
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Let H be a finite-dimensional Hermitian vector space. If B € End(H) is self-adjoint, then

B/2
sinh(B/2)
is a self-adjoint positive endomorphism. Put
~ B/2
AB) =det 3| B2 _]. (3.3.14)
sinh(B/2)

In (3.3.14), the square root is taken to be the positive square root.
If YOE € £(y), as explained in [Bismut 2011, p. 105], the following function A(Y(f) has a natural square
root that is analytic in Y(f ct(y):

. 1 det(1 —exp(—i ad(Yy)) Ad(k))| )
AYy) = . - ¥ . (3.3.15)
det(1 — Ad(k))lzé(y) det(1 —exp(—i ad(Y)) Ad(k))|p(%(y)
Its square root is denoted by
[ 1 ' det(1 —exp(—i ad(Y{)) AR gt () } 3 3316
det(1 = Ad(k))[;1 () det(1 —exp(—i ad(Yg)) Ad(k)) ok )
The value of (3.3.16) at Y{ = 0 is taken to be such that
! (3.3.17)
det(1 — Ad(k)) |pé(y)
We recall an important function J,, defined in [Bismut 2011, equation (5.5.5)].
Definition 3.3.1. Let Jy(YOE) be the analytic function of YOE € ¢(y) given by
o 1 Al ad(Y) o0
Jy(Yp) = 1= ¢
|det(1 — Ad(y))[;1]2 AG ad(Yp)ley))
. [ 1 det(1 — exp(—i ad(Yy)) Ad(k))|%(y) i|§ (3318)
det(1—Ad(k))| ;1 () det(1 —exp(—i ad(Yy)) Ad(K))],1 )
By [Bismut 2011, equation (6.1.1)], there exist C), > 0, ¢;, > 0 such that, if YOE € t(y),
1y (Y] < CyecrI¥ol, (3.3.19)

Put p =dimp(y), g = dim¥(y). Then r = dim3(y) = p + ¢g. By [Bismut 2011, Theorem 6.1.1], for
t > 0, we have
_lal? €2 13
17§

= | 1, 0HTE o (k) exp(—ipE (V) —tA)]e™ 2 dYOq. (3.3.20)
Qrt)2 Je) (2mr)2

Remark 3.3.2. A generalization of Bismut’s formula (3.3.20) to the twisted case is obtained in [Liu 2018;
2019]. An extension of this formula for considering arbitrary elements in the center of an enveloping
algebra instead of the Casimir operator (3.2.8) was obtained in [Bismut and Shen 2022].

e

Trl] [exp(—tﬁff)] =
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3.4. Compact locally symmetric spaces. Let I" be a cocompact discrete subgroup of G. Then I acts on X
isometrically and properly discontinuously. Then Z = I'\ X is compact second countable Hausdorff space.
If x € X, put

Iy={yel|yx=x} (3.4.1)
Then Iy is a finite subgroup of I'. Put
= inf_d(x, . 342
re= infd(x.yx) (342)
Then we always have rx > 0. Set
x = B(X, %x) CX. (3.4.3)
If xe X, y €T, we have
ryx =TIx, Uy_x :)/Ux. (3.4.4)

It is clear that I'x\ Uy can identified with a connected open subset of Z.
Set

S = ker(I" — Diffeo(X)) = I Nker(K 2% Aut(p)). (3.4.5)

Then S is a finite subgroup of I' N K and a normal subgroup of T".

Remark 3.4.1. Note that G is a connected noncompact simple linear Lie group. Then

S=ZgNI'NK. (3.4.6)
Put
I'=r/S. (3.4.7)

Then I' acts on X effectively and we have Z = I'"\ X.
If x € X, we have

SCTly, T.L=T,/S. (3.4.8)

Then the orbifold charts (Uy, '}, 7y : Uy — I, \Ux)xex together with the action of I'” on these charts
give an (effective) orbifold structure for Z, so that Z = I'\ X is a compact orbifold with a Riemannian
metric g7 £ induced by g7X.

By [Selberg 1960, Lemma 1], if y € T, then y is semisimple. Let [I] denote the set of the conjugacy
classes of T'. If y € T, we say [y] € [I'] is an elliptic class if y is elliptic. Let E[I'] C [I'] be the set of
elliptic classes. Then E[I'] is always a finite set. If E[I"] only contains the trivial conjugacy class [1]; i.e.,
T is torsion free, then Z is compact smooth manifold.

Let [I''] be the set of conjugacy classes in I"/, and let E[I"'] denote the set of elliptic classes in [I'']. If
y' € I/, let Zr/(y') denote the centralizer of " in I'/, and let [y’]” denote the conjugacy class of y in I,
If y’ € T is elliptic, let X(y’) be its fixed-point set in X on which Zp/(y’) acts isometrically and properly
discontinuously; see [Selberg 1960, Lemma 2]. Note that if y € " is a lift of y” € T, then X(y) = X(y),
and y is elliptic if and only if y’ is elliptic.
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Proposition 3.4.2. We have
Zsing = F,\F/( U X()//)) cZ. (349)

[y’V €E[I"I\{1}
Moreover, we have
>Z= |J zZro)\xo). (3.4.10)
[’V €E[I"I\{1}
Note that the right-hand side of (3.4.10) is a disjoint union of compact orbifolds.
If y' €T, put
S'(y") = ker(Z1/(y") — Diffeo(X(y"))). (3.4.11)

Then |S’(y")| is the multiplicity of the connected component Zy/(y' )\X(y') in 2 Z.

Proof. Note that z € Z with a lift x € X belongs to Zgy, if and only if the stabilizer '\, is nontrivial.
Thus x is a fixed point of some y’ € I'/, from which (3.4.9) follows. By definition in Section 2.1, we get
the rest of this proposition. O

Note that '\ G is a compact smooth homogeneous space equipped with a right action of K. Moreover,
the action of K is almost free; i.e., for each g € I'\ G, the stabilizer Kz is finite. Then the quotient space
(I'\G)/K also has a natural orbifold structure, which, after examining the local charts, is equivalent to Z.

Let d g be the volume element on I'\ G induced by dg. By (3.3.1), we get

Vol(K)
|S|

In the context of geometry, we have many interesting cases where S = {1}. For instance, given

Vol(I'\G) = Vol(Z). (3.4.12)

a Riemannian symmetric space (X, g7X) of noncompact type, let G = Isom(X)° be the connected
component of identity of the Lie group of isometries of X. By [Eberlein 1996, Proposition 2.1.1], G is a
semisimple Lie group with trivial center (which might not be linear, but we do not need that linearity for
the geometry of Z). We refer to [Eberlein 1996, Chapter 2; Bismut 2011, Chapter 3] for more details. This
way, any subgroup of G acts on X effectively. In particular, if I" is a cocompact discrete subgroup of G,
then Z = I'\ X is a compact good orbifold with the orbifold fundamental group I'. By (3.4.10), we have

>Z= |J TnzZm\Xx@»). (3.4.13)
[yleE[T]\{1}
In general, by [Helgason 1978, Chapter V, §4, Theorem 4.1], G = Isom(X = G/K )0 if and only if K
acts on p effectively.

Remark 3.4.3. Note that, as mentioned in Remark 2.1.3, when S # {1}, we can also consider Z = I'\ X
as an ineffective orbifold by taking the action of I" instead of I'” on the local charts. This way, the role of
the above Z U X Z is replaced by the inertia groupoid defined in [Adem et al. 2007, Example 2.5], which
is exactly

L rnze)\xm). (3.4.14)
[y]€E[T]
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It is a very natural object to use in the context here, for instance, for the Selberg’s trace formula in the
next subsection. In the problems we are concerned with, these two point-views on Z are equivalent.

If p : T” — GL(CK) is a representation of I'/, which can be viewed as a representation of I" via the
projection I' — I'" = T'/S, then F = I\ (X x C¥) is a proper flat orbifold vector bundle on Z with the
flat connection V¥>/ induced from the exterior differential 4% on C¥-valued functions. By [Shen and
Yu 2022, Theorem 2.35], all the proper orbifold vector bundles on Z of rank k come from this.

Nowletp: ' — GL(Ck ) be a representation of I"; we do not assume that it comes from a representation
of I'". We still have a flat orbifold vector bundle (F = '\ (X x Cky, vF:/) on Z, which may not be
proper in general. Note that " acts on C*°(X, C¥) so that if ¢ € C®(X,C¥), y €T, then

(ye)(x) = p(y)e(y~'x). (3.4.15)

Let C®(X, C*)T denote the T-invariant sections in C % (X, C¥). Then
C®(Z,F)=C>®(X,CHT. (3.4.16)

Definition 3.4.4. Let (V, p¥) be the isotypic component of (C¥, p|g) corresponding to the trivial repre-
sentation of S on C, i.e., the maximal S-invariant subspace of Ck via p. Set

FPr=T\(X xV). (3.4.17)
It is clear that FP" is a proper flat orbifold vector bundle on Z.

Proposition 3.4.5. We have
C>®(Z,F)=C>(Z, F™). (3.4.18)

In particular, if p|s : S — GL(Ck ) does not have the isotypic component of the trivial representation
of S on C, then
C>®(Z,F)=1{0}. (3.4.19)

Let (E, p¥) be a finite-dimensional complex representation of G. When restricting to T, K, we get
the corresponding representations of I', K respectively, which are still denoted by p£. As discussed
in Section 3.2, associated with the K-representation (E, p£) we define a homogeneous vector bundle
F = G xg E on X. Moreover, G acts on F' equivariantly. By taking a I"-quotient on the left, it descends
to an orbifold vector bundle on Z, which we still denote by the same notation.

The map (g,v) € G xg E — (pg, p£ (g)v) € X x E gives a canonical trivialization of F over X. This
trivialization provides a flat connection VX-¥>/ for F — X, which is G-invariant. Then it descends to a
flat connection VZ-F+/ on the orbifold vector bundle F over Z. Moreover, the above trivialization of
F — X implies that the flat orbifold vector bundle (F, VZ-F-/) is exactly the one given by I'\(X x E)
with the flat connection V¥>/ induced by dX. We will always use the notation V¥ -/ for the above flat
connection. By (3.2.7), (3.4.16), we get

C®(Z,F)=CX(G,E). (3.4.20)
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3.5. Selberg’s trace formula. Let Z be the compact locally symmetric space discussed in Section 3.4,
and let (F,hf,VF) be a Hermitian vector bundle on X defined by a unitary representation (E, p%)
of K. As said before, (F, ht vF ) descends to a Hermitian orbifold vector bundle on Z. Recall the
Bochner-like Laplacian ﬁ;’f is defined by (3.2.9). Since it commutes with G, it descends to a Bochner-like
Laplacian Ef acting on C*°(Z, F).

Here the convergences of the integrals and infinite sums are already guaranteed by the results in [Bismut
2011, Chapters 2, 4; Shen 2018, Section 4D].

For ¢t > 0, let ptZ(z, z'), z,z' € Z, be the heat kernel of ﬁf over Z with respect to dz’. If z, z’ are

identified with their lifts in X, then

1 B 1
piz.2) = S S ovpf ) = S > ¥y (3.5.1)
yel yel

Note that the action of y on F,—1, or on the metric dual of F;/ is given as in (3.2.4).
Since Z is compact, for ¢ > 0, exp(—tﬁf ) is trace class. We have

Tr[exp(—tﬁf)] =/ZTrF[ptZ(Z,Z)] dz. (3.5.2)

Combining (3.2.10), (3.2.11), (3.4.12) and (3.5.1), (3.5.2), and proceeding as in [Bismut 2011, equa-
tions (4.8.8)—(4.8.12)], we get

1
T [pX (e 'ye)ds
Vol(K) r\G ; !

. Vol(I' N Z(y)\Z(y))
= 2 Vol(K(y))

Trlexp(—t£5)] =

Trl exp(—1£5)]. (3.5.3)

[v]elT]

Take y € I'. Recall that X(y) = Z(y)/K(y) defined in Section 3.3. Then K(y) acts on Z(y) on the
right, which induces an action on I' N Z(y)\ Z(y) on the right. Set

S(y) = ker(I' N Z(y) — Diffeo(X(y))). (3.5.4)

Then S(y) represents the isotropy group of the principal orbit type for the right action of K(y) on
I'NZ(y)\Z(y). As in (3.4.12), we have

Vol(K(y))

Vol N ZN\Zr) = =5

Vol(T' N Z()\X (). (3.5.5)

Theorem 3.5.1. Fort > 0, we have the identity

Vol(I'NZ X
Texp(—1£)] = Y = ( |S((V))|\ ) gyt lexp(—t£X)]. (3.5.6)
[y]er] Y
Proof. This is a direct consequence of (3.5.3) and (3.5.5). O

In the case where S = 1, the trace formula (3.5.6) shows clearly the different contributions from Z
and from each components of ¥Z. Then combining (3.4.10), (3.5.6) with the results in [Bismut 2011,
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Theorem 7.8.2; Liu 2018, Theorem 7.7.1], we can recover (2.2.9) for Z. If we use the same settings as in
[Bismut 2011, Sections 7.1, 7.2] and we use instead the results in Theorem 7.7.1 of that work, then we
can recover the Kawasaki’s local index theorem [1979] for Z. By taking account of Remarks 2.1.3 and
3.4.3, the above considerations also hold even for S # {1}.

4. Analytic torsions for compact locally symmetric spaces

In this section, we explain how to make use of Bismut’s formula (3.3.20) and Selberg’s trace formula
(3.5.6) to study the analytic torsions of Z. We continue using the same settings as in Section 3. We will
see that by a vanishing result on the analytic torsion, only the case §(G) = 1 remains interesting. For
studying this case, more tools will be introduced in Sections 5 and 6.

4.1. A vanishing result on the analytic torsions. Recall that G is a connected linear real reductive Lie
group. Recall that 34 is the center of g. Set

3p=3Np, e=3NE 4.1.1)
Then
30 =3 D3, Zc =exp(3p)(Zc NK). (4.1.2)
Let T be a maximal torus of K with Lie algebra t; put
b={fepl|l/f =0} (4.1.3)

It is clear that
3p Cb. 4.1.4)

Put h = b @ t. Then b is a Cartan subalgebra of g. Let H be analytic subgroup of G associated with b.
Then it is also a Cartan subgroup of G; see [Knapp 1986, p. 129 and Theorem 5.22(b)]. Moreover, dim t
is just the complex rank of K, and dim b is the complex rank of G.

Definition 4.1.1. Using the above notation, the deficiency of G, or the fundamental rank of G is defined as
0(G) =1ke G —rke K = dimp b. (4.1.5)
The number m — §(G) is even.
The following result was proved in [Shen 2018, Proposition 3.3].
Proposition 4.1.2. If y € G is semisimple, then
5(G) = 8(Z()°). (4.1.6)
The two sides of (4.1.6) are equal if and only if y can be conjugated into H.

Recall that u = /—1p @ £ is the compact form of G, and that U C Gc¢ is the analytic subgroup with
Lie algebra u. Let Uu, U gc be the enveloping algebras of u, gc respectively. Then U g¢ can be identified
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with the left-invariant holomorphic differential operators on G¢. Let C* € Uu be the Casimir operator of
u associated with B. Then

C'=C%eUgnUucUgc. 4.1.7)
In the sequel, we always assume that U is compact; this is the case when G has compact center.

Proposition 4.1.3 (unitary trick). Assume that U is compact. Then any irreducible finite-dimensional
(analytic) complex representation of U extends uniquely to an irreducible finite-dimensional complex
representation of G such that their induced representations of Lie algebras are compatible.

We now fix a unitary representation (E, p£, hE) of U, and we extend it to a representation of G,
whose restriction to K is still unitary. Put F = G xg E, with the Hermitian metric 2" induced by hZ.
Let VF be the Hermitian connection induced by the connection form w*.

Furthermore, as explained in the last part of Section 3.4, F' is equipped with a canonical flat connec-
tion VF>/ as follows:

VES = VF 4 pE (o). (4.1.8)

If G has compact center, then (F, nF vF v ) is a unimodular flat vector bundle.

Let (Q2(X,F),d X.F) be the (compactly supported) de Rham complex twisted by F. Let dX-F+*
be the adjoint operator of dXF with respect to the L, metric on Q2(X, F). The de Rham—Hodge
operator DX-F of this de Rham complex is given by

DX,F — dX,F +dX’F’*- (419)

The Clifford algebras ¢ (TX), ¢(TX) acton A*(T*X). Westill use ey, . . ., e, to denote an orthonormal
basis of p or T'X, and let el ..., e™ be the corresponding dual basis of p* or T* X.

Let VAT T"X)®F.u pe he unitary connection on A®(T*X) ® F induced by V7 and V¥. Then the
standard Dirac operator is given by

m
X,F _ ANUA(T*X)®F,
DXF = "c(e)) VA TS M, (4.1.10)
j=1
By [Bismut et al. 2017, equation (8.42)], we have
m

DXF = DXF 1% "2(ej)pE (e). (4.1.11)

j=1
At the same time, as explained in Section 3.2, C? descends to an elliptic differential operator C 9%

acting on C*° (X, A*(T*X) ® F). As in (3.2.9), we put
rXF _ %Cg,x + %Trp[CE’p] + %Trf[cﬁf], (4.1.12)

For simplicity, we will always put

By = 1 TP[CHP] + L T [CH] e R. (4.1.13)
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By [Bismut et al. 2017, Proposition 8.4], we have

1 nX.,F2 _ pX,F _1,gE —. pX.F
5D = L5 —3C¥7 =By =1L, (4.1.14)
where A = —1C®E — g,
Let y € G be a semisimple element. In the sequel, we may assume that
y=¢k, acp, keK, Adk)a=a. (4.1.15)

We also use the same notation as in Section 3.3.
Recall that p = dimp(y), g = dim€(y). By (3.3.20) and (4.1.14), we have

[ (varro _m) exp(_rDX’F’z)]
2 2
_lal?

2t

exp(tp) / o I, (YE) TrgV@*)[(NA'(P*) . %) Ad(k) exp(—i ad(Y(f))]
Y €2
-TrE [pE (k) exp(—ipE (Y(f) + LC“’E)]e_% dYOEq .
2 (2mt)2
Now we take a cocompact discrete subgroup I' C G. Then Z = I'\ X is a compact locally symmetric
orbifold. We use the same notation as in Sections 3.4 and 3.5. Then we get a flat orbifold vector bundle
(F,VES pF ) on Z. Furthermore, DX-F descends to the corresponding de Rham—Hodge operator D Z-F
acting on Q*(Z, F). Let T(Z, F) denote the associated analytic torsion as in Definition 2.2.3, i.e.,

Q1)

(4.1.16)

T(Z, F)=T(gT? vE/ nf). (4.1.17)
As explained in Section 2.2, for computing 7 (Z, F), it is enough to evaluate
Z,F2
ANT*Z) M _Lﬂ
Trs[(N 2>exp( : . >0 4.1.18)

Then we apply Selberg’s trace formula in Theorem 3.5.1. We get

o (T Z,F2
T (V4T = ) exp (=5

Z Vol(I' r;SZ(S/y))l\X(V)) Tr[y][<NAO(T*X) _ %> exp(_g)]_ (4.1.19)
[y]elr]

As in [Bismut et al. 2017, Remark 8.7], by [Ma 2019, Theorems 5.4, 5.5, Remark 5.6], we have the
following vanishing theorem on 7(Z, F).

Theorem 4.1.4. If m is even, or if m is odd and §(G) > 3, then
T(Z,F)=0. (4.1.20)

Proof. By [Bismut 2011, Theorem 7.9.1; Ma 2019, Theorem 5.4], and using instead (4.1.19), we get that
under the assumptions in this theorem, for 7 > 0,

Tr, [(NA'<T*Z) - %) exp(—tDZ’F’z)] —0. 4.121)

Then (4.1.20) follows from the definition of 7(Z, F). O
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Therefore, the only nontrivial case is that §(G) = 1, so that m is odd. If y € G is of the form (4.1.15),
let t(y) C €(y) be a Cartan subalgebra. Put

b(y) ={vepk)|[v.t(V)]=0}, by)p=Db(y)Np(y). (4.1.22)

In particular, a € b(y). Then h(y) = b(y)p @ t(y) is a Cartan subalgebra of 3(y).
Recall that H is a maximally compact Cartan subgroup of G. The following result is just an analogue
of [Shen 2018, Theorem 4.12; Bismut 2011, Theorem 7.9.1].

Proposition 4.1.5. If §(G) = 1, if y is semisimple and cannot be conjugated into H by an element in G,
then

o X,F,2
Trgy][(NA T*X) _ %) exp(—tDT)] =0. (4.1.23)

Proof. Let t be a Cartan subalgebra of ¢ containing t(y). Then b C b(y). If a ¢ b, then dim b(y) > 2.
Therefore, by [Shen 2018, equation (4-44)], for Y(f € t(y), we have

A" [(N“P*) — %) Ad(k) exp(—i ad(Y(f))] —0. (4.1.24)

This implies (4.1.23). O
Set

g =3t D s (4.1.25)

Then g’ is an ideal of g. Let G’ be the analytic subgroup of G associated with g/, which is closed and has
a compact center; see [Knapp 2002, Proposition 7.27]. The group K is still a maximal subgroup of G’.
Let U’ C U be the compact form of G’ with Lie algebra 1". Then

u=~-1z e (4.1.26)

Now we assume that §(G) = 1 and that G has noncompact center, so that b = 3, has dimension 1.
Then §(G’) = 0. Under the hypothesis that U is compact, up to a finite cover, we may write

U~S'xU’. (4.1.27)

We take a; € b with |a;| = 1. If (E, p¥) is an irreducible unitary representation of U, then p% (a;)
acts on E by a real scalar operator. Let « g € R be such that

oE(a1) = agldg. (4.1.28)

Put X’ =G’/K. Then X’ is an even-dimensional symmetric space (of noncompact type). We identify j,,
with a real line R. Then
G=RxG', X=RxX. (4.1.29)

In this case, the evaluation for analytic torsions can be made more explicit. If y € G/, let X'(y) denote
the minimizing set of d, (-) in X', so that

X(y)=Rx X'(y). (4.1.30)
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Let [-]™* denote the coefficient of a differential form (valued in 0(7X”)) on X’ of the corresponding
Riemannian volume form. Similarly, for k € T, let [-]™*®) denote the analogous object on X’ (k). The
following results are the analogues of [Shen 2018, Proposition 4.14].

Proposition 4.1.6. Assume that G has noncompact center with §(G) = 1 and that (E, pE) is irreducible.

Then
1 2
X,F2 ~L1a3
[1]|:( A'(T*X)_ﬂ) _tD T ]=_e / VTX/ max q:
[ (N . exp( U ) o X VIO E. 413D
If y =e% is such thata € b, k € T, then
[ (AT ) exp(_w)]
2 2
1L a2 1442 / TX'(k)\jmax(k) 1.E  E
—_ o150 =319 (o (TX (k), VTX R0y max(O) TeE [ 0F (k)] (4.1.32)
Nz [ ] (0™ (k)]

Proof. Let C ¥ denote the Casimir operator of u’ associated with B|,s. Then we have
Ct=—a?+Cv. (4.1.33)
Since (E, p) is an irreducible representation, by (4.1.28) and (4.1.33), we get
CHE = o + CcVE, (4.1.34)

Then by (4.1.34) and [Bismut et al. 2017, Theorem 8.5], a modification of the proof of [Shen 2018,
Proposition 4.14] proves the identities in our proposition. O

If we assembly the results in Proposition 4.1.6, it is enough to study the corresponding analytic torsions.
We will get back to this point in Corollary 7.4.4 for asymptotic analytic torsions.

4.2. Symmetric spaces of noncompact type with fundamental rank 1. In this subsection, we focus
on the case where §(G) = 1 and G has compact center (i.e., 3, = 0), so that X is a symmetric space
of noncompact type [Shen 2018, Proposition 6.18]. For simplicity, let us also assume that G is linear
semisimple in this subsection.

Note that the rank §(X) of X (see [Eberlein 1996, Section 2.7]) is the same as 6(G). Then §(X) = 1.
By the de Rham decomposition, we can write

X = Xy % Xo. 4.2.1)

where X is an irreducible symmetric space of noncompact type with §(X1) = 1, and X» is a symmetric
space of noncompact type with §(X5) = 0.

As in [Bismut 2011, Remark 7.9.2], among the noncompact simple connected real linear groups such
that m is odd and dim b = 1, there are only SL3(R), SL4(R), SL>(H), and SO°(p, ¢) with pq odd > 1.
Also, we have sl4(R) = s0(3, 3) and sl (H) = so0(5, 1). Therefore, X; is one of the following cases (see
[Shen 2018, Proposition 6.19]):

X1 =SL3(R)/SO(3) or SO%p,q)/SO(p+q), with pg > 1 odd. 4.2.2)



1290 BINGXIAO LIU

Since §(G) = 1, we have the decomposition of Lie algebras

g=g1D g2, (4.2.3)
where
g1 =s53(R) or so(p,q), 4.2.4)

with pg > 1 odd, and g, is semisimple with §(g2) = 0. The Cartan involution 6 preserves the splitting
(4.2.3); see [Knapp 2002, VIL.6, p. 471].

Let G be the identity component of Zg(g2). Then G; is a connected linear semisimple closed
subgroup of G with Lie algebra of g;. Similarly, we can find a connected linear semisimple closed
subgroup G, of G with Lie algebra of g, such that we have canonically G, x G, — G a finite central
extension. Let 6; be the induced Cartan involution on G;(j = 1,2) from 6. Set K; = G; N K; then

X;=G;/K;, j=1.2. (4.2.5)

Note that in general, G is a just a finite central extension of SL3(R) or SO%(p, ¢) (pg > 1 odd). The
invariant bilinear form B also splits as B; & B, with respect to the splitting (4.2.3).

Remark 4.2.1. Let G4, G1 x, G2« denote the identity components of the isometry groups of X, X, X»
respectively. Then we have

By [Shen 2018, Proposition 6.19], G1 x = SL3(R) or SO%(p.q), with pg > 1 odd, and G 4 is a
semisimple Lie group with Lie algebra g, and trivial center. Also §(G2,«) = 0. If we consider G« instead
of G, then the factor G is exactly SL3(R) or SO°(p, ¢), with pg > 1 odd.

Let Uy, U, be (connected linear) compact forms of Gy, G,. Then U; x U, is a finite central extension
of the compact form U of G. Let (E, pE) be an irreducible unitary representation of U, and hence of
U 1 X U2. Then

(E.p") = (E1.p"") ® (E2.p"2). (4.2.7)

where (E j,pEf') is an irreducible unitary representation of U;, j = 1,2. Let F, Fy, F> be the ho-
mogeneous flat vector bundles on X, X1, X, associated with these representations. Then we have

F=FKXF:=nr{(F)Qnr;(F), (4.2.8)

where m; denote the projections X — X;, i =1, 2.
Take y € G. Let (y1,y2) € G1 x G2 be one of its lifts. Then y is semisimple (resp. elliptic) if and
only if both y1, y» are semisimple (resp. elliptic). Set m; = dim X;; then m is odd, and m, is even.

Proposition 4.2.2. If y € G is semisimple, fort > 0, we have

(T )27

=Ty [ (VAT 2L exp(_fDX;’F‘ 2)} Tyl [exp(——’DX;’Fz’z)]. (4.2.9)
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Then if v, is nonelliptic,

o X,F,2
Trl] [(NA T*X) _ %) exp(—tDT)] =0. (4.2.10)

If 2 is elliptic, then

ZDX’F’Z

(40022}

)| = le(@Xa(a) VTX0 0D T2 02 1)

o X1,F1,2
_Trgyl][(NA (T Xl)_%) exp(_”)%)], 42.11)

where [-1M2(2) js taking the coefficient of the Riemannian volume element on X (y»).

Proof. We write

NATETX) B (VAT L) (AT 2, 4.2.12)

Note that, since §(G1) = 1, by [Bismut 2011, Theorem 7.8.2], we always have

X1,F1,2
Svidl [exp<_m+)] —0. (4.2.13)

Combining the definition of orbital integrals (3.3.7) together with (4.2.12) and (4.2.13), we get (4.2.9).
The identities (4.2.10), (4.2.11) follow from applying the results in [Bismut 2011, Theorem 7.8.2] to
Trp'z] [exp(—t DX2:F2:2 /2)]. O

For studying 7(Z, F), Proposition 4.2.2 helps us to reduce the computations on

Z,F)2
ANT*Z) _ m) (_L ]
Trs[(N 2 ) P 2 )

to the model cases listed in (4.2.2). But it is far from enough to get an explicit evaluation. In Sections 5
and 6, we will introduce more tools, which allows us work out a proof to Theorem 1.0.2.

5. Cartan subalgebra and root system of G when §(G) =1

We use the same notation as in Section 3 and Section 4.1. In Sections 5.1-5.3, we always assume that G
is a connected linear real reductive Lie group with compact center and with §(G) = 1. But, as we will
see in Remark 5.3.3, the constructions and results in these subsections are still true (most of them are
trivial) if U is compact and if G has noncompact center with §(G) = 1.

Section 5.4 is independent from other subsections, where we introduce a generalized Kirillov formula
for compact Lie groups.

Recall that 7" is a maximal torus of K with Lie algebra t C €, and that b C p is defined in (4.1.3). Since
8(G) =1, we know b is 1-dimensional. We now fix a vector ay € b, |a1| = 1. Recall that h = b tis a Car-
tan subalgebra of g. Let #9C be the Hermitian product on g¢ induced by the scalar product —B(-, 6 -) on g.
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5.1. Reductive Lie algebra with fundamental rank 1. Since G has compact center, b Z 34. Let Z(b) be
the centralizer of b in G, and let Z(b)? be its identity component with Lie algebra 3(b) = p(b) @ £(b) C g.
Let m be the orthogonal subspace of b in 3(b) (with respect to B) such that

3(b)=bPm. (5.1.1)
Then m is a Lie subalgebra of 3(b), which is invariant by 6.
Put
pm=mNp, Er=mnNE (5.1.2)
Then
M=pn@tn, pb)=0Dpn, £(b)=tn. (5.1.3)

Let 35(b), pL(b), £1(b) be the orthogonal subspaces of 3(b), p(b), £(b) in g, p, & respectively with
respect to B. Then

37(6) = pH(b) ® (D). (5.1.4)
Moreover,
P=b@®p, dp(b), £==t0b)DE(b). (5.1.5)

Let M C Z(b)° be the analytic subgroup associated with m. If we identify b with R, then
Z(6)° =Rx M. (5.1.6)

Then M is a Lie subgroup of Z(b)?; i.e., it is closed in Z(b)°. Let K37 be the analytic subgroup of M
associated with the Lie subalgebra £;. Since M is reductive, Kps is a maximal compact subgroup of M.
Then the splittings in (5.1.3), (5.1.4), (5.1.5) are invariant by the adjoint action of Kjy.

Then t is Cartan subalgebra of &, of £,, and of m. Recall that h = b & t is a Cartan subalgebra of g.
We fix a1 € b such that B(ay,a;) = 1. The choice of a; fixes an orientation of b. Let n C 3(b) be the
direct sum of the eigenspaces of ad(a;) with the positive eigenvalues. Set n = én. Then

3T(0) =n@n. (5.1.7)

By [Shen 2018, Section 6A], dimn = dimp — dimp,, — 1. Then dimn is even under our assumption
8(G) = 1. Put
[ =1 dimn. (5.1.8)

By [Shen 2018, Proposition 6.2], there exists § € b* such thatif a € b, f € n, then
la. f1=B@)f, [a,0(f)]=—-B@)O(f). (5.1.9)

The map f enr> f—0(f) ep(b) is an isomorphism of Kps-modules. Similarly, f enr f+6(f)e
£ (b) is also an isomorphism of Kjs-modules. Since 6 fixes Kps, n =~ it as Kps-modules via 6.
By [Shen 2018, Proposition 6.3], we have

[n @] C 3(6), [n,n] = [ii, @] = 0. (5.1.10)
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Also
Bluxn =0, Blixa =0. (5.1.11)

Then the bilinear form B induces an isomorphism of n* and n as Kps-modules. Therefore, as Kps-
modules, n is isomorphic to n*.
As a consequence of (5.1.10), we get

[3(6), 5(0)] . [3(6), 37 (0)] C 3(b).  [35(b), 37 (B)] C 5™ (b), (5.1.12)

Then (g, 3(b)) is a symmetric pair.
If k € Kpr, let M (k) be the centralizer of k in M, and let m(k) be its Lie algebra. Let M (k)° be the iden-
tity component of M (k). The Cartan involution 6 acts on M (k). The associated Cartan decomposition is

m(k) = pu(k) @ tu(k), (5.1.13)

where py (k) = pm Nm(k), tn(k) = Nm(k).
Recall that Z (k) is the centralizer of k in G and that Z (k) is the identity component of Z (k) with
Lie algebra 3(k) C g. Then

Mk)=MnZk), wmk)=mn;k). (5.1.14)

Note that Z(k)? is still a reductive Lie group equipped with the Cartan involution induced by the
action of 6. By the assumption that §(G) = 1, we have

§(Z(k)°) =1. (5.1.15)
In particular,
b Cpk). (5.1.16)
Set
3o(k) =3(b)N3(k), po(k) =p(b) Np(k), & (k) =*t(b) NE(k). (5.1.17)
Then
360(k) =bdm(k) =pp(k) D tp(k). (5.1.18)
We also have the identities
Po(k) =b @ pm(k), Eo(k) = Etn(k). (5.1.19)

Let pi (k), & (k), 3¢ (k) be the orthogonal spaces of py(k), € (k), 35(k) in p(k), €(k), 3(k) with
respect to B, so that

p(k) = po(k) D py (k). €(k) = t(k) D (k). 3(k) = 50 (k) @ 35 (k). (5.1.20)
Then
55 (k) = py (k) @ b (k) = 57(0) N 3(k). (5.121)
Put
n(k) =3(k)Nn, ak)=3k)Nn. (5.1.22)
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Then
se (k) = n(k) ® (k). (5.1.23)
By (5.1.17), (5.1.23), we get
3(k) = po(k) ® to(k) ®n(k) (k). (5.1.24)
Since 6(m(k)) =0, dimn(k) is even. We set
I(k) = 1 dimn(k). (5.1.25)

Let Kps (k) denote the centralizer of k in Kpy. The map f € n(k) — f —0(f) € pé‘(k) is an
isomorphism of Kjps(k)-modules, and similarly for Ef; (k). Since 0 fixes Kps(k), we have n(k) >~ n(k)
as Kjz (k)-modules via 6.

5.2. A compact Hermitian symmetric space Yy. Recall that u = /—1p @ € is the compact form of g.
Let u(b) C u, uy, C u be the compact forms of 3(b), m. Then

ub) =v-1bQuy, Uy=vV—1p, P E,. (5.2.1)

Since M has compact center, let Uys be the analytic subgroup of U associated with u,. Then Uy is
the compact form of M. Let U(b) C U, Ap C U be the connected subgroups of U associated with Lie
algebras u(b), /—16. Then Ay is in the center of U(b). By [Shen 2018, Proposition 6.6], Ag is closed
in U and is diffeomorphic to a circle S!. Moreover, we have

U(b) = AgUny. (5.2.2)

The bilinear form —B induces an Ad(U )-invariant metric on u. Let ut(b) C u be the orthogonal
subspace of u(b). Then

ut(b) = vV—1pt(b) ® £1(b). (5.2.3)
By (5.1.12), we get
[u(b), u(6)], [ut(6), ut(6)] Cu(b), [u(b), ut(b)] C ut(b). (5.2.4)
Then (u, (b)) is a symmetric pair.
Putag =a;/B(a1) €b. Set
J = +/~1ad(ao)|,1 () € End(u(b)). (5.2.5)

By (5.1.9), J is an U(b)-invariant complex structure on u(b) which preserves B|,1(p)- The spaces
nc =n®rC, nc = n®p C are exactly the eigenspaces of J associated with eigenvalues v/ —1, —+/—1.
The following proposition is just the summary of the results in [Shen 2018, Section 6B].

Proposition 5.2.1. Set
Yo =U/U(b). (5.2.6)

Then Yy is a compact symmetric space, and J induces an integrable complex structure on Yy, such that
T1EO0Y, = U xygyne, TOVYy = U xy) fic. (5.2.7)
The form —B(-, J-) induces a Kéhler form ¥® on Yy.
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Let w" be the canonical left-invariant 1-form on U with values in u. Let @*® and o*" ® be the u(b)
and u(b) components of w*, so that

o' = '® 4 it ®) (5.2.8)

Moreover, »*(®) defines a connection form on the principal U(b)-bundle U — Y;. Let Q4" be the
curvature form. Then
Qu®) — _

Lo O O], (5.2.9)

Note that the real tangent bundle of Y} is given by
TYy = U xy) ut(b). (5.2.10)

Then —B|,1 () induces a Riemannian metric gT¥ on Yy. The corresponding Levi-Civita connection is
induced by w"®.
Recall that the first splitting in (5.2.1) is orthogonal with respect to —B. Let Q"™ be the u,-component

of Q4®)_ Since the Kihler form w?® is invariant under the left action of U on Y, b, We also can view w¥r
as an element in Az(ué-)*). By [Shen 2018, equation (6-48)],
Q'® = Bap o’ @ V—la; + Q. (5.2.11)
Moreover, by [Shen 2018, Proposition 6.9], we have
B(Q'® Qu®)y =0 BQ', Q') = B(a1) w2 (5.2.12)

Remark 5.2.2. By [Shen 2018, Proposition 6.20], if G has compact center, then as symmetric spaces,
the Kéhler manifold Yy is isomorphic either to SU(3)/U(2) or to SO(p + ¢q)/ SO(p + g —2) x SO(2)
with pg > 1 odd. This way, the computations on Yy can be made more explicit.

Now we fix k € K. Let U(k) be the centralizer of k in U, and let U(k)° be its identity component.
Let u(k) be the Lie algebra of U(k)°. Then u(k) is the compact form of 3(k), and U(k)° is the compact
form of Z(k)°.

We will use the same notation as in Section 5.1. Then the compact form of m(k) is given by

um (k) = vV —=1pn(k) © tn (k). (5.2.13)
Let up (k) be the compact form of 35(k). Then
up(k) = V=16 @ un (k). (5.2.14)
Let Up(k) be the analytic subgroup associated with uy (k). Then

Up(k) = U(b) N U(k)°. (5.2.15)
Set
Yo(k) = U(k)®/ Uy (k). (5.2.16)

As in Proposition 5.2.1, Yy (k) is a connected complex manifold equipped with a Kihler form oY k),
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Let uﬁ- (k) be the orthogonal space of (k) in u(k) with respect to B. Then
ug (k) = vV—1pg (k) @ & (k). (5.2.17)
Then the real tangent bundle of Y, (k) is given by

TYo(k) = Uk)® xy, @) u (k). (5.2.18)

Moreover,
TEO0Y, (k) = Uk)® xy, gy n(k)e,  TOVYy(k) = Uk)® xy, ) k). (5.2.19)

Let Q") be the curvature form as in (5.2.9) for the pair (U(k)°, Uy(k)), which can be viewed as
an element in Az(ubL (k)*) ® up(k). Using the splitting (5.2.14), let *~®) be the uy, (k)-component
of &) Then as in (5.2.11) and (5.2.12), we have

Qu® = B(a)w’*® @ V_1a; + Q' ®), (5.2.20)
B(Qub(k), Qub(k)) — 0’ B(Qum(k), Qum(k)) — ﬁ(al)ZCl)Yb(b)’z. (5221)

5.3. Positive root system and character formula. Recall that t is Cartan subalgebra of ¢, of £, and of m.
Recall that h = b @ t is a Cartan subalgebra of g, and H is the associated maximally compact Cartan
subgroup of G.

Put

ty=+v-lbptCu. (5.3.1)

Then ty is a Cartan subalgebra of u. Let Ty C U be the corresponding maximal torus. Then Ay is a
circle in Ty . Then t is a Cartan subalgebra of 1., and the corresponding maximal torus is 7.

Let R(u, tyy) be the real root system for the pair (U, Ty ) [Brocker and tom Dieck 1985, Chapter V].
The root system for the complexified pair (uc, ty,c) = (gc. be) is given by 27iR(u, tyy). Similarly, let
R(u(b), ty), R(uy,t) denote the real root systems for the pairs (u(b), ty7), (um, t). When we embed t*
into t7; by the splitting in (5.3.1),

R(u(b), ty) = R(um, t). (5.3.2)

For a root « € R(u, ty), if a(v/—1ay) = 0, then & € R(uy, t). Fix a positive root system RT (uy, ).
We get a positive root system R (u, t7) consisting of an element « such that «(+/—1a;) > 0 and the
elements in R™ (i, t).

Let W(u, tyy) denote the algebraic Weyl group associated with R(u, ty). If € W(u, ty), let [(w)
denote the length of @ with respect to R™ (u, ty7). Set

g(w) = (-1)H@. (5.3.3)

Let W(U, Ty) be the analytic Weyl group. Then W(u, ty) = W(U, Ty).
Put
Wy ={weWU,Ty) |0~ -a>0forall @ € R (un, t)}. (5.3.4)
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Put
Py = % Z ety pu, = % Z o e t*. (5.3.5)
a%eRt (u,ty) a%eRT (upm,t)
Then pul; = pu -

Let P44 (U) C tJ; be the set of dominant weights of (U, Ty ) with respect to RT(u,ty). IfAe Py (U),
let (E;, pF*) be the irreducible unitary representation of U with the highest weight A, which by the
unitary trick extends to an irreducible representation of G.

By [Warner 1972, Lemmas 1.1.2.15, 2.4.2.1], if € W,,, then w(A + p,) — py is a dominant weight for
RT(u(b), ty). Let V ,, denote the representation of U(b) with the highest weight w(A + py) — py.

Recall that U(b) acts on nc. Let H*(n¢, E)) be the Lie algebra cohomology of n¢ with coefficients
in Ej; see [Kostant 1961]. By [Warner 1972, Theorem 2.5.1.3], fori =0, ..., 2/, we have the identification
of U(b)-modules

H(ne.E))~ P Vio. (5.3.6)
weWy,
l(w)=i
By (5.3.6) and the Poincaré duality, we get the following identifications as U(b)-modules:
2] o
P ANEQEL = @ @)V (5.3.7)
i=0 weW),

Note that if we apply the unitary trick, the above identification also holds as Z(6)°-modules.

Definition 5.3.1. Let Py : tj, — t* denote the orthogonal projection with respect to B* | . For w € W,,,
U ty
A€ Py (U), put

Nw(A) = Po(w(A + py) — pu) € t*. (5.3.8)
Note that
Popy = pu,- (5.3.9)
Then
Nw(A) = Po(@(A + pu)) = Puy- (5.3.10)

Proposition 5.3.2. If A € P14+ (U), for o € Wy, then ny(X) is a dominant weight of (Upg, T) with
respect to R (uy, t). Moreover, the restriction of the U(b)-representation V), to the subgroup Upy is
irreducible, which has the highest weight 14 (A).

Proof. Since w(A + py) — py is analytically integrable, 7, (1) is also analytically integrable as a weight
associated with (Ups, T'). By (5.3.2) and the corresponding identification of positive root systems, we
know that 7, (A) is dominant with respect to R (i, t).

Recall that Ag ~ S! is defined in Section 5.2. By (5.2.2), we get that Ag acts on V)., as scalars given
by its character, and then Uy act irreducibly on V) ,,, which clearly has the highest weight 7, (1). O

Remark 5.3.3. In general, U is just the analytic subgroup of G¢ with Lie algebra u. If U is compact but
G has noncompact center, i.e., 3 = b, then n = n =0, so that ! = 0. Recall that in this case, G/, U’ are
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defined in Section 4.1. Then
M=G', Uy=U". (5.3.11)

The compact symmetric space Yy now reduces to one point.
Moreover, in (5.3.4), W, = {1}, so that V, ,, becomes just E, itself. The identities (5.3.6), (5.3.7) are
trivially true; so is Proposition 5.3.2.

5.4. Kirillov character formula for compact Lie groups. In this subsection, we recall the Kirillov
character formula for compact Lie groups. We only use the group Ups as an explanatory example. We fix
the maximal torus 7 and the positive (real) root system R (i, t).
Let A € t* be a dominant (analytically integrable) weight of Ups with respect to the above root system.
Let (V;, p¥*) be the irreducible unitary representation of Ups with the highest weight A.
Put
O = Ad*(Up) (A + py,,) C us,. (5.4.1)

Then O is an even-dimensional closed manifold.
Since A + p,,, is regular, we have the following identifications of Ups-manifolds:

O~Upy/T. 5.4.2)
For u € uy,, an associated vector field # on O is defined as follows: if f € O, then
Up=— ad*(u) f € Ty O. 54.3)

Such vector fields span the whole tangent space at each point. Let wy, denote the real 2-form on O such
that if u, v € uy, f €O,

wp (i, 0)r =—(f, [u,v]). (5.4.4)

Then ey, is a Ups-invariant symplectic form on O. Put r+ = % dim uy, /t. In fact, if we can define an
almost complex structure on 7O such that the holomorphic tangent bundle is given by the positive root
system RT (uy, t). Then (O, wr ) become a closed Kihler manifold, and r 7 is its complex dimension.

The Liouville measure on O is defined as

()"
(rt)-
It is invariant by the left action of Ups. Let Volz (O) denote the symplectic volume of O with respect to
the Liouville measure. Then we have (see [Berline et al. 1992, Proposition 7.26])

(@, A + puy)

(@, pu,,)
The second identity is the Weyl dimension formula (see [Knapp 1986, Theorem 4.48]).

dpr = (5.4.5)

Volz (0) = T 0e r+ (.0 = dim V/,. (5.4.6)

By the Kirillov formula (see [Berline et al. 1992, Theorem 8.4]), if y € u,,, we have
A @) ) TP = [ I (5.4.7)
feo
To shorten the notation here, if k € T, put Y = Ups(k)? with Lie algebra t) = u (k). Then T C Y,
and it also a maximal torus of Y.
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In the sequel, we will give a generalized version of (5.4.7) for describing the function Tr¥* [p"2 (ke?)],
with y € 1.
Let q be the orthogonal space of #) in u,, with respect to B, so that
Un =9 Dq. (5.4.8)
Since the adjoint action of T preserves the splitting in (5.4.8). Then R(uy, t) splits into two disjoint parts

where R(q, t) is just the set of real roots for the adjoint action of { on qc.
The positive root system R (un, t) induces a positive root system R™ (1, t). Set

RY(q, 0 = RT (um, ) N R(q, 1). (5.4.10)
Then we have the disjoint union
RY (Um, ) = RT (9, ) URT (0. 1). (5.4.11)
Put
1 1
=5 D, @ =5 ) o (5.4.12)
aYeR*(n,0) a%eR*(q,0)
Then
Pu = Py 4 pg € t*. (5.4.13)

Let C C t* denote the Weyl chamber corresponding to R (uy, t), and let Cy C t* denote the Weyl
chamber corresponding to R (), t). Then C C Cp.

Let WUy, T), W(Y, T) be the Weyl groups associated with the pairs (Ups, T), (Y, T) respectively.
Then W (Y, T) is canonically a subgroup of W(Uyys, T'). Put

Wl(k) ={w e WUy, T) | w(C) CCo}. (5.4.14)
Note that the set W1 (k) is similar to the set W, defined in (5.3.4).

Lemma 5.4.1. The inclusion W(k) — W(Up, T) induces a bijection between W (k) and the quotient
W, TO\WUp.T).

Proof. This lemma follows from W(Y, T') acting simply transitively on the Weyl chambers associated
with (p, t). O
Let O denote the fixed-point set of the holomorphic action of k£ on ©. We embed n* in u, by the
splitting (5.4.8). Then
ok =ony*. (5.4.15)
Lemma 5.4.2 (see [Duflo et al. 1984, 1.2, Lemma (7); Bouaziz 1987, Lemmas 6.1.1, 7.2.2]). As subsets
of v*, we have the identification

o= ) Ad*(¥)(e(A+py,)) C*, (5.4.16)

S oeW! (k)
where the union is disjoint.
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For each o € W(k), put
O Gt pu) = AT (V)@ + p1,)) C ™. (5.4.17)

Letd /ng denote the Liouville measure on Olg Gtp) 8 defined in (5.4.5).
If § € t* is (real) analytically integrable, let £5 denote the character of T with differential 277/ §. Note that

for o € W(k), opy, + pu, is analytically integrable even though p,, may not be analytically integrable.
Definition 5.4.3. For 0 € W1(k), set

fa()t+pllm)+pum (k)
Myoer+ (g, Ea0(k) — 1)

¢k (o, A) = ¢e(0) (5.4.18)

Note that if y € ), the analytic function

det(1 — e Ad(k))|,
det(1 — Ad(k))lq

(5.4.19)

has a square root which is analytic in y € 1 and equal to 1 at y = 0. We denote this square root by

[det(l — %O Ad(K))]q ]5

det(1— Ad(k))lq (5:4.20)

The following theorem is a special case of a generalized Kirillov formula obtained by Duflo, Heckman
and Vergne [Duflo et al. 1984, I1.3, Theorem (7)]. We will also include a simpler proof for the sake of
completeness.

Theorem 5.4.4 (generalized Kirillov formula). For y €1, we have the identity of analytic functions

det(1 — e Ad(k))|,
det(1 — Ad(k))q

]znmmhmﬂn

= X wen [ ek saan
(S

oceWl(k) f 0 (A +0um)

fT*(ad(ym)[

If k =1, (5.4.21) is reduced to (5.4.7).

Proof. Let t' denote the set of regular element in t associated with the root R(ity, t), which is an open
dense subset of t. Since both sides of (5.4.21) are analytic and invariant by the adjoint action of Y, we
only need to prove (5.4.21) for y € ..

We firstly compute the left-hand side of (5.4.21).

For y € t, we have
em’(ao,y) _ e—m‘(oeo,y)

~ 4 _
A7 (@d(y)]y) = Myoe g+ .0 Briad ) (5.4.22)
Let yo € t be such that k = exp(yp). Then
det(1 — e0) Ad(k 3 wi(a®,y+yo) _ p=mi{a®,y+yo)
Sl CDILY PPNl i (5.4.23)
det(1 —Ad(k))|q BV emi(a®,y0) — p—mi{a®,yo)
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By the Weyl character formula for (Ups, T'), we get

Y oW et e(w)e2m i {@(A+pun).y+y0)
m,C»

Te 2 [p"* (ke?)] = Te 2 [pV 2 (e7 T70)] = (5.4.24)

—5 — .
HQOGRJr(um’t)(ent(a Yol — e—mifa®,y+yo))

Note that we have &y, (k) = 1 for ag € R (1, t). Then

emi(@®ytyo) _ p=mite®ytyo) on.y0)
Mo0cr+ (o.0) = ¢~ 2mi{pyy0), (5.4.25)

emifa®,y) _ p—mifa®,y)

Combining (5.4.22)—(5.4.25), we get the left-hand side of (5.4.21) is equal the to function

i 2xi{w(A+pum).y+
e27”<pt),y0) ZwEW(um.c,tc) g(a))e mi{w( plm)y yo)

; - - (5.4.26)
Maoert(r,0(2m10%.7)  Taoept (g (@™ @) —e i @)

Now we show that the right-hand side of (5.4.21) is also equal to (5.4.26).
Note that, for w € W(Y, T), wpy,, — pu,, is analytically integrable. We claim that if @ € W(Y, T'), then

é_—wpum_pum (k) — eZJTi(CUPum_Pme »Y0) =1. (5427)

Actually, we have &), (k) = £20p,,, (k) = 1. Then, after taking the square roots, we get £up, —p,., (k) =
Ewpuy —puy, (€7°) = £ 1. The continuity of the character implies exactly (5.4.27).
As a consequence of (5.4.27), we get that for o € W1(k), if o € W(Y, T), then

27 H00 (A+pun)sy0) — 27 {0 (A+pun)sv0) (5.4.28)

For o € W(k), since 0(A + py,,) € Co and y is regular, by [Berline et al. 1992, Corollary 7.25], we
have

. 1 .
2wilf,y) g,k — 271 (@0 (A+pun),¥)
e dig = - E e(w)e w1 (5.4.29)
/feog(;\wum) H“OERJF(U”‘)(ZNIO{O’ y) weW(Y,T)

We rewrite @i (0, A) as

27 {py,¥0)

27i {0 (A+pun)sY0)
(o - - e m . 5.4.30
O s €T — ) oA

Combining together Lemma 5.4.1 and (5.4.28)—(5.4.30), a direct computation shows that the right-hand
side of (5.4.21) is given exactly by (5.4.26). O

Remark 5.4.5. Let C? denote the identity component of the center of Y, and let Y, be the closed analytic
subgroup of Y associated with yg = [, ]. By Weyl’s theorem [Knapp 1986, Theorem 4.26], the universal
covering group of Y is compact, which we denote by Y. Put

Y =C%xY,. (5.4.31)

Then Y is clearly a finite central extension of Y. Let T be the maximal torus of ¥ associated with the
Cartan subalgebra t, which is also a finite extension of 7. By [Knapp 1986, Corollary 4.25], the weights
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Puy» Py are analytically integrable with respect to T, since they are algebraically integrable [Knapp 1986,
Propositions 4.15, 4.33].

Note that, for 0 € Wl(k), o(A + py,) is regular and positive with respect to R*(y,t); thus
o (A + pu,,) — Py is nonnegative with respect to R™ (1, t) by the property of p, [Knapp 1986, Proposi-
tion 4.33]. Since now o (A + py,,) — py is also analytically integrable with respect to T, it is a dominant
welght for (Y, T) with respect to R (1, t). In this case, let Vk be the irreducible unitary representation
of ¥ with highest weight o (A + pum) py. Then by (5.4.7), (5 4.21), we get that, for y €1,

det(1 — ) Ad(k))]¢ ]2
[ det(1 — Ad(k)), }

T " ke = Y @ro )T Rep o). (5432)
ceW (k)

6. A geometric localization formula for orbital integrals

Recall that G¢ is the complexification of G with Lie algebra g¢, and that G, U are the analytic subgroups
of G¢ with Lie algebras g, u respectively. In this section, we always assume that U is compact; we do
not require that G have compact center. We need not to assume §(G) = 1 either.

Under the settings in Section 4.1, for ¢ > 0 and semisimple y € G, we set

Ex.y(F.1) —Tr[y][<NA'(T*X) 2>exp( #)] 6.0.1)
The indices X, F in this notation indicate precisely the symmetric space and the flat vector bundle which
are concerned with defining the orbital integrals.

If y € G is semisimple, then there exists a unique elliptic element y, and a unique hyperbolic element y},
in G such that y = y.y) = ypve. Here, we will show that £ ,, (F,t) becomes a sum of the orbital
integrals associated with yy,, but defined for the centralizer of y, instead of G. This suggests that the
elliptic part of y should lead to a localization for the geometric orbital integrals.

We still fix a maximal torus 7 of K with Lie algebra t. For simplicity, if y € G is semisimple, we may
and we will assume

y=¢%%, keT, aecp, Adk YHa=a. (6.0.2)
In this case,
Ye=keT, y,=c¢e" (6.0.3)

Recall that Z(y,)? is the identity component of the centralizer of y, in G. Then

Yn € Z(ve)°. (6.0.4)

The Cartan involution @ preserves Z(y.)? such that Z(y,)? is a connected linear reductive Lie group.
Then we have the diffeomorphism

Z(ye)® = K(ye)° exp(p(ye))- (6.0.5)

It is clear that §(Z(y.)°) = §(G).
Recall that Ty is a maximal torus of U with Lie algebra ty = +/—1b @ t C u. Let R (u,ty) be a
positive root system for R(u, ty7), which is not necessarily the same as in Section 5.3 when §(G) = 1.
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Since U is the compact form of G, U(y.)? is the compact form for Z(y,)°. Moreover, Ty is also a
maximal torus of U(y,)°. Let R(u(y.), ty) be the corresponding real root system with the positive root
system R (u(ye). ty) = R(u(ye), ty) N R (u, ty). Let py, py(y,) be the corresponding half sums of
positive roots.

Let U (ve) be a connected finite covering group of U(y,)® such that py, Pu(y,) are analytically integrable
with respect to the maximal torus Ty of U (ve) associated with tyy. It always exists by a construction
similar to that in Remark 5.4.5.

Let K (Ye) be the analytic subgroup of U (ve) associated with the Lie algebra €(y,). By [Knapp 2002,
Proposition 7.12], U (Ye) has a unique complexification U (Ye)c which is a connected linear reductive Lie
group. Let Z (ve) be the analytic subgroup of U (ve)c associated with 3(ye) C u(ye)c = 3(¥e)c. Then
we have the Cartan decomposition

Z(ve) = K(ve) exp(p(ye)). (6.0.6)

We still denote by 6 the corresponding Cartan involution on 7 (Ve)-
The Lie group Z (Ye) is a finite covering group of Z(y.)°. Moreover, we have the identification of
symmetric spaces

X(ve) = Z(ve)/ K (ve). (6.0.7)

Note that even under an additional assumption that G has compact center, Z (Ye) may still have noncompact
center.

Let A be a dominant weight for (U, Tyy) with respect to R™ (u, tyy). Let (Ey, pEA) be the associated
irreducible unitary representation of U. As before, let (Fj, hf*) be the corresponding homogeneous
vector bundle on X with the G-invariant flat connection VF*/. Let DX-F1:2 denote the associated
de Rham-Hodge Laplacian.

Let Wl} (ve) C W(U, Ty) be the set defined as in (5.4.14) but with respect to the group U and to
Ye =k € T C Ty. As in Definition 5.4.3, for o € W} (ye), set

(p)(/]e (0, %) = £(0) = Sa(l—i—pu)—l—pu (Ve) ‘
aPeR*T (ul(ye),ty) (gao (Ye)—1)

As explained in Remark 5.4.5, if o € Wl} (Ve), then 0 (A + pu) — py(y,) is @ dominant weight of U(ve)

(6.0.8)

with respect to R™ (u(ye), ty). Let E 0,4 be the irreducible unitary representation of U (ve) with highest
weight o (A + pu) — Pu(y,)- _
We extend Ej; 5 to an irreducible representation of Z(y,) by the unitary trick. Then
Fop = Z(Ve) XK (ve) Es

is a homogeneous vector bundle on X (y.) with an invariant flat connection VFo.2-/ as explained in
Section 4. Let DXe):-Fo.2:2 denote the associated de Rham-Hodge Laplacian acting on Q°(X(ye), Fy 2)-
We also view y;, = e? as a hyperbolic element in Z (ve). For o € W[}()/e), as in (6.0.1), we set

° * p/ [DX(ye)aFa,Aaz
Ex(ve)yn (Fop 1) = Tri"] [(N ANTTXGe) 5) exp (—f . (6.0.9)

Note that we use B|;(y,) on 3(ye) to define this orbital integral for Z (Ve)-
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Set :
| det(I —Ad(ye)) ;1) |2
det(1 = Ad(¥)) s~y

c(y) > 0. (6.0.10)

In particular, c(y.) = 1.
The following theorem is essentially a consequence of the generalized Kirillov formula in Theorem 5.4.4.

Theorem 6.0.1. Let y € G be given as in (6.0.2). Fort > 0, we have the identity

Exy(Fa.0)=c(y) > 05 (0. Do) Font). (6.0.11)
oWl (ve)

We call (6.0.11) a localization formula for the geometric orbital integral.

Proof. Set p’ = dimp(y.) = dim X(y,). At first, if m is even, then p’ is even. Then the both sides of
(6.0.11) are O by [Bismut 2011, Theorem 7.9.1].

If m is odd, then p’ is odd, and 8(G) = 8§(Z(y.)°) is odd. If §(G) > 3, then the both sides of (6.0.11)
are 0 by [Bismut 2011, Theorem 7.9.1].

Now we consider the case where 8(G) = 8(Z(y.)?) = 1. If y cannot be conjugated into H by an
element in G, then y;, cannot be conjugated into H by an element in Z(y,)°. Then both sides of (6.0.11)
are 0 by Proposition 4.1.5.

Now we assume that 6(G) = 1 and a € b. Note that 3(y) is the centralizer of y; in 3(y.). We will
prove (6.0.11) using (4.1.16)

For y € £(y), let J,, () be the function defined in 3.3.1 for y; = e” € Z(Ye):

. 1 A ad(»)]p))

y) = = . (6.0.12)
T [det(1 = At gy 12 AG 20 ecr)
The Casimir operator C u(ve)-Es.2 acts on E 5 by the scalar given by
—4 (12 + pul® = lougy) |- (6.0.13)
Similar to (4.1.13), set
lB}(Ve) = 1i6 Trp()’e)[cé(ye)’p(ye)] + ﬁ TrE()’e)[CE(ye)’E(Ye)]‘ (6.0.14)

Then by [Bismut 2011, Propositions 2.6.1, 7.5.1],

272 putye) I* = —Bstre)- (6.0.15)
By (4.1.16), (6.0.13), (6.0.15), for o € W(} (Ye), we get

_la?

2t

exp(—271|A + pul?)

e
Exe)yn Fot) =

(271t)%

~ . * . * pl .
. I (v) Trﬁ‘ G| [ NA GG _ L) exp(—i ad(y))
e) 2

2 d
TrBo fexp(—ipBo (y)]e 3 — 2.
2mt)2

(6.0.16)
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Note that dim pL(y,) is even. We claim that if y € €(y), then
Trf.(p*) |:(NA.(p*) - %) exp(—i ad(y)) Ad(k_l)]
/
= TrA* G0 [(NA'(P(%)*) - %)e_’ ad(y)} det(1—e "M Ad(k™1))|,1 (5. (6.0.17)

Indeed, we can verify (6.0.17) for y € t. Since both sides of (6.0.17) are invariant by the adjoint action
of K(ye)?, (6.0.17) holds in full generality.
Also K(y)? preserves the splitting

pL(ve) = pg () ® (P (ve) NpE). (6.0.18)

The action ad(a) gives an isomorphism between p(y.) N pOL and ¢ (y,) N Eol as K(y)-vector spaces.
Note that

3 (ve) Nag = (0 (ve) Npg) ® (- () N 7). (6.0.19)
Then
det(1— e 2O Ad(y,)) oL (ye)
—i a —ia 1
= det(1 — e~1240) Ad(ye)) |y, [det(1 =™ 40 Ad(ye))| oonstl?: (6020

Here the square root is taken to be positive at y = 0.
By Definition 3.3.1 and (6.0.12), for y € £(y),

1
Jy(y)=J, () 1
[det(1 = Ad())], 2 1 ) |2
[ I det(1 —exp(—i ad(y)) Ad(ve))lyt ) F 6.021)
det(l — Ad(ve))|1 y det(I —exp(=i ad(y)) Ad(ye)) iy ]

Combining (6.0.17), (6.0.20) and (6.0.21), we get

Ty (p) T [(N A - %) exp(~i ad(y)) Ad(w]

= c(y) ]y, () Tef ¢

. 1
. [(NA.(P(J/e)*) _ p_’)e—l dd(y)} [det(l - exp(_l ad(y)) Ad(y@))t’ji(y(‘) } 2 . (6022)
2 det(1 — Ad(Ye)) |51 (y,)

Note that, for y € £(y),

[det(l —exp(—7 ad(y)) Ad(ye))l;1(y,) } 3 _ [det(l —exp(—i ad(y)) Ad(ye))lyL(y,)

1
2
. (6.0.23)
det(1 — Ad(ye))l;1(y,) det(1 — Ad(ye))lyL(y,) ]
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By (4.1.16), (6.0.13), (6.0.15), (6.0.22) and (6.0.23), we get

_la?
e 2t

Ex a(Fy 1) = C(V)( exp(—27%t| A+ pyul?)

D
2mwt)2

!
~ A (p(ve)®) A (p(re))_ P\ —iad(y)
'/e(y)J”(y)Trs " [(N " _?)e ) y]

1—e~12d) A 3 . 2
.[det( ¢ d(ye))|“L(V")]2 TeE (o (ye)e 0™ (y)]e_% 4y 7. (6.0.24)
det(1-Ad(ye) L (y,) (n1)z
Then (6.0.11) follows from (5.4.32), (6.0.16) and (6.0.24). O

Remark 6.0.2. A similar consideration can be made for Trgy] [exp(—t DX:F2:2)] where (6.0.11) will

become an analogue of the index theorem for orbifolds as in (2.2.9). The related computation can be
found in [Bismut and Shen 2022, Section 10.4].

7. Full asymptotics of elliptic orbital integrals

In this section, we always assume that §(G) = 1 and that U is compact. We also use the notation and
settings as in Sections 5.1, 5.2 and 5.3.

In this section, given a irreducible unitary representation £ of U with certain nondegenerate highest
weight A, and for elliptic y, we will compute explicitly £, (F = G xg E,t) and its Mellin transform
in terms of the root systems. Note that, when y =1, £x,,(Fy,?) is already computed in [Bergeron and
Venkatesh 2013; Miiller and Pfaff 2013a] using the Plancherel formula for identity orbital integral. We
here give a different approach via Bismut’s formula as in (4.1.16).

Then in Section 7.3, we apply these results to a sequence of flat vector bundles {F; } ey on X defined
by a sequence of nondegenerate dominant weights A = dA + Ag. This way, we show that the Mellin
transforms of the elliptic orbital integrals are exponential polynomials in d.

7.1. Estimates of elliptic orbital integrals for small time t. Recall that T is a maximal torus of K, Ty
is a maximal torus of U, and W(U, Ty) denotes the (analytic) Weyl group of (U, Ty ). The positive root
system R (u, ty) is given in Section 5.3. Recall that P1 (U) is the set of dominant weights of (U, Ty)
with respect to RT (u, ty).

Let (E, pF) be the irreducible unitary representation of U associated with the highest weight A €
P41 (U). We will prove our main result of this subsection and next subsection for this (E, p¥).

Our homogeneous flat vector bundle concerned here is given by F = G xx E. Let DX-F>2 denote the
associated de Rham—Hodge Laplacian.

For ¢t > 0, if y € G is semisimple, as in (6.0.1), set

o (T X,F,2
Ex.y (F.1) = Trgﬂ[(NA (T*X) _ %) exp(—tDT)]. (7.1.1)
It is clear that £y, (F;, ) only depends on the conjugacy class [y] in G. If y = 1, we also write
Ix(F,t) =&x1(F,1). (7.1.2)

In the sequel, we only consider the case of elliptic y.



FULL ASYMPTOTICS OF REAL ANALYTIC TORSIONS FOR COMPACT LOCALLY SYMMETRIC ORBIFOLDS 1307

By (4.1.16), (6.0.13), (6.0.15), if y = k € K, we have

exp(=271|A + pul?)

5X,y(F, l) = 7
2mt)2
: [ T, (Y8 Trg"(p*)[(NA'(P*) - ﬂ) Ad(k) exp(—i ad(Y(f))]
t(y) 2 e ¢
TeE [pF (k) exp(—ipE (YE))]e™ 2 0 (7.13)
2mt)2
By (3.3.18), we have the following formula for J,,(YOE), YOE € t(y):
) — Al ad(YOE)|p(y))|: 1 det(1 — exp(—i ad(Yg))Ad(k))m(y)]i .
T ad(Y{)l(yy) Ldet(1 — Ad(K)) 1 ) det(1 —exp(—i ad(Y§)) Ad(k)|yr oy ] ~

Proposition 7.1.1. For an elliptic element y € G, there exists a constant C, > 0 (depending on A) such
that fort €10, 1]

IWiEx., (F.0)| < Cy. ((1 + 2;%)5“(1?, z)’ <C, i (7.1.5)
Ast — 0, &,y (E,t) has the asymptotic expansion in the form of
1 +o00
Y
— ait’, 7.1.6
ﬁ;) ; (7.1.6)

with a}/ eC.

Proof. 1f y is elliptic, up to a conjugation, we assume that y = k € T. Thus the subgroup H defined
in Section 4.1 is also a Cartan subgroup of Z(y)°. Then b(y) = b. Let bl (y) be the orthogonal
complementary space of b(y) in p(y), whose dimension is p — 1. Note that similar estimates have been
proved in [Liu 2021, Theorem 4.4.1]; here we only sketch a proof to (7.1.5).

By (7.1.3), we have

1
gX,)/(Fs t) =
2

exp(=27%1|A + pu[?)

13
wt)?2

: f Te(WY) TrgV(P*)[(NA’(P*)—%) Ad(k) exp(—i ad(ﬁyg))]
e(k)

€2 14
T o (k) expl(—ip” (VIYE)le™ 2 (jY"q, 717)
7)2

where the integral is rescaled by /.

In this proof, we denote by C or ¢ a positive constant independent of the variables ¢ and Y, (f. We use
the symbol Ojyg to denote the big-O convention which does not depend on ¢ and YOB.

The same computations as in [Liu 2021, equations (4.4.8)—(4.4.10)] show that, for YOE €t,

I .
(WY = Oina (V1] Y§ € V110!
€(V1Y) det(1 — Aoy m(VilYgle )

e A AC(p™) _ M\ _A°(p*) o A(p*) ¢
AT [(v )M ) exp(—iph O (ViYg) |

= —det(i ad(Y$)) oL ) det(1 — Ad(K)) ] oy + Otma (V1] Y§ 1€V, (7.1.8)
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Using the adjoint invariance, the further estimates on the above quantities by a function in |YOE| hold for
all Y{ € e(k).
It is clear that

ITe? (0% (k) exp(=ip® (VIY5))]| < C exp(C V1Y) (7.1.9)

Combining (7.1.8) and (7.1.9), we see that there exists a number N € N big enough such that if
t €]0,1],

Y€2
IV1Ex,y (F.1)| < C] f(k)(1+|Y§|)Nexp(C|Y(f|—| g' )dY(f. (7.1.10)
4

The second estimate in (7.1.5) can be proved using the same arguments as in [Liu 2021, equa-
tions (4.4.24)—(4.4.29)].
The asymptotic expansion in (7.1.6) is just a consequence of (7.1.5) and (7.1.7). O

7.2. Elliptic orbital integrals for Hodge Laplacians. In this subsection, we explain how to use Bismut’s
formula (4.1.16) to compute explicitly the expansion of £, (F, ) in t > 0 when y € G is elliptic. Then
we study the corresponding Mellin transform. After conjugation, we may and we will assume that
y =k € T. Then T is also a maximal torus for K(y)?, and b(y) = b.

Recall that @¥e®) Qu®) Qun() are defined in Section 5.2. Note that dim uﬁ-()/) =4l(y). If

v E A’(uﬁ-(y)*), let [v]™*(") ¢ R be such that
) wYe):21(y)
v—[v] —(21()/))! (7.2.1)
is of degree strictly smaller than 4/(y).

Recall that —B(-, 0 -) is a Euclidean product on g. Let nt(y), it (y) be the orthogonal spaces of
n(y), i(y) in n, @ respectively. As 7-modules, nt(y) ~ i (y).

Since t C £(y) C &, R(¥(y), 1) is a subroot system of R(&, t). Let RT(£(y), t) be the positive root
system for (£(y), t) induced by R (£, t). We use the notation in Sections 5.1, 5.2. Then t is a Cartan
subalgebra for £, (), um(y), m(y). Let R(£n(y), 1), R(um(y), t) be the corresponding root systems.

Similar to (5.4.10), we have the disjoint union

R(un(¥), ) = R(V=1pu (1), ) U R((n(y), V). (71.2.2)

Since R(un(y), ) C R(uy, t), by intersecting with R (1, t), we get a positive root system R (un (y), t).
Moreover,

RY (un(¥), ) = R (V=1pn(¥), DU RT (£ (1), 1). (7.2.3)

Let Vol(K/T), Vol(Ups / T) be the Riemannian volumes of K/ T, Upys/ T with respect to the restriction
of —B to &, uy, respectively. We have explicit formulae for them in terms of the roots; for example,

1
Vol(Up, T) = Ha06R+(um,t) 2T

_ 7.2.4
@ pu) 724
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Fory =k €T, set

(=1) "7 FIVOI(K (y)°/ T) | W(Upt (v)°, T)] 1
Vol (U (O TWEK@)O, T)| det(1—Ad())yey)

cg(y) = (7.2.5)

If y =1, we define

_ =D >+ Wol(K/ T)|W(Up. T)|
cg =cg(l) = Nol(Uns / T)[W(K.T)| . (7.2.6)

We will use the same notation as in Sections 5.3 and 5.4. In particular, W, is defined by (5.3.4)
as a subset of W(U, Ty), and W(y) is defined by (5.4.14) as a subset of W(Ups, T). As explained
in Remark 5.4.5, for o € Wy, 0 € Wl(y), let EZ),U denote the irreducible unitary representation of
Y = Up(y)? or its finite central extension with highest weight o (4 (A) + py,,) — Py-

Definition 7.2.1. For j =0,1,...,I(y), w € Wy, 0 € W(y), set

(=1)/ Bla)™
J1QUy) =2/)! 872)/

In particular, if /(y) > 1, we have

},w,a(l\) = dim Eg)’g[wa(V)Jf (@(A + py), QUnY2AN=2/max() (72 7)

Q8.0 (M) = Gy G Ed o[(@(A + pu). Qun ()21 () max(y)
_1» 21(y) —_nn
y _ (=D Ba) T 2Ly) - DIt
Ql(y),w,a (A) = G2 dim E} . (7.2.8)
Recall that a; € b is such that B(ay,a1) = 1. For w € W,,, set
baw = (w-(A+py), vV—lay) €R. (7.2.9)
Then we have
M (A) + puy > = |A + pul® = D% - (7.2.10)
Note that ¢y (0, 7, (A)) is defined in Definition 5.4.3.
Theorem 7.2.2. Fort > 0, we have the identity
CG()/) X —2m2th3
Exy(F.1) = Zz TN s@)ey @ m0(A)e T PR 07 (). (7.2.11)
weWy
GEVGVI(V)

Remark 7.2.3. The formula (7.2.11) is compatible with the estimate (7.1.5). For example, we take y = 1;
then W!(y) reduces to {1}, the representation E}, ; is just Va 4 introduced in (5.3.6), and I(y) = I,
¢y (0,nNw(A)) = 1. Then we take the asymptotic expansion of the right-hand side of (7.4.2) as t — 0, the
coefficient of 1 ~!=1/2 is given by

cG

V2m

Y e@)Q] L (). (7.2.12)

weWy,
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By (5.3.7),if [ > 1, we get

A*(nd)

Y e(@)dimVa e, =Trg ©[1]dim E = 0. (7.2.13)

weW,

Then by (7.2.8) and (7.2.13), the quantity in (7.2.12) is O (provided [ > 1).
Before proving Theorem 7.2.2, we need some preparation work.

Definition 7.2.4. For y € t, put
T =[] @rv=1a®y),

a%eR (un(y),0)

_ 0
TtV = [1 (2 v/ —la, y), (7.2.14)
a0€R+(\/j1p1n(V)9t)

T =[] (@rv=1a%y).
aO€RT (tn(¥),0)
For y € t, put

o= ]  (exp((xv=1a’ y)) —exp(—(7 V=12, y))),

aOeRT (un(¥),)

O/ Tpm ()1 (V) = l_[ (exp((mv/—1a°, y)) —exp(—(7v/~1a?, y))), (7.2.15)
aORT (V=Tpu(»),9)
Otn(p)/t(¥) = 1_[ (exp({mv/— 1%, y)) —exp(—(mv/—1a?, y) ).

aOeR* (t, (¥)2,1)
We can always extend analytically the above functions to y € t¢. If y = 1, the above functions become

T/t V) T =1 e D)5 e 1t (V)5 0w 1t (V)5 0 =, /(D) O, e (Y)-

If the adjoint action of T preserves certain orthogonal splittings of uy, uy(y), etc., so that we have
the corresponding splitting of the root systems, then we can also define the associated m-function or
o-function as above.

It is clear that if y € {¢,
T/t = T /=10 ()8 Tewn () /(D)

(7.2.16)
Oun (V) =0 /=1, ()¢ (V)00 (V).
Set N .
L) =Nt PLO)=p"1) N pm. 217
B =) NEE). P =t () NPT O).
Let m(y) be the orthogonal space of m(y) in m with respect to B. Then
mh(y) = pL(r) © B (). (7.2.18)

We also have
tn=tn(y) ® f:n()/), Pm = pm(y) ® p:n()/) (7.2.19)
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and

) =) W), pry) = L) @ pa(y). (7.2.20)
Set
us (y) = V=1pL(y) ® €, (»). (7221

Then it is the orthogonal space of uy(y) in uy with respect to B.
Lemma 7.2.5. The following spaces are isomorphic to each other as modules of T by the adjoint actions:
wh(y) = &) = 6 ) = ). (7.2.22)
Proof. Note that
dimn =dim¢—dimét,, dimn(y)=dimt(y)—dimé,(y). (7.2.23)
Together with the splittings (7.2.19), (7.2.20), we get
dim ¢ (y) = dimn(y). (7.2.24)
Similarly, dim p’: (y) = dimnt(y).

If f €nt(y), then f 4+ 6(f) € & we can verify directly that f + 6(f) € €(y). Then the map
fent(y)— f+0(f)e £/ (y) defines an isomorphisms of T-modules. Similar for nt(y) ~ pl(y). O

Since y =k € T, let yg € t be such that exp(yo) = y. Note that yq is not unique.
Lemma 7.2.6. If y € tis regular with respect to R(£y(y), t), then we have

Ty T OO (NATED — ) Ad(k) exp(—iad(y))]

(_1)dimpm(1’)/2+1 A’(né)

det(l — AN, & ®r | |
_ T T )/t EY) O ()t (0Y) 0L ()1 (—1Y + Yo)

- (7.2.25)
e (v)/e(0Y) Oul(y)i(yo)
Proof. Using (5.4.23), (7.2.20) and Lemma 7.2.5, we get that, for y € t,
1 det(1 — 90 Ad(K)) |1 () ]2
det(1 — Ad(k))ljJ_(y) det(1 — e~iad(y) Ad(k))lpJ_(y)
_ (—1) % dimp{ ) 1 oy, (y)/(=1y + yo) (7.2.26)
det(1 — Ad(k) [t () Ot (5)/t(¥0) O /=1 (1) (=1Y + 0)
Recall that in Section 5.1, as Kps-modules, we have the isomorphism
p>b®pn®dn. (7.2.27)
Note that

Ad(k) = 00, (7.2.28)

If y € t, when acting on p, we have

Ad(k) exp(—i ad(y)) = exp(ad(—iy + yo)). (7.2.29)
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Note that dim b = 1. Then, for y € t, we get

TrA¢") [(NA.(*’*) — %) Ad(k) exp(—i ad(y))]

Te O [Ad (ke 1O 00

[Ad(k)e ™ 210)]
= —det(1 — Ad(k~ e W) T D ad(k)e €0, (7.2.30)
where we have the identity
_ ] 1 4 . .
det(1 — Ad(k~He' )|, = (~1)2 dlmpmgﬁpén(y)/t(_’y + yO)zoﬁpm(V)/t(ly)z' (7.2.3D)

Note that analogous to (7.2.27), we have p(y) >~ b @ pn(y) @ n(y); using [Bismut 2011, equa-
tion (7.5.24)], if y € t, we have

(iy) ~
Fpm(y)/t( )A(z ad(y)|n(y))
O Tpm(y)/t\1Y (7.2.32)
Te(y) /(i) _ T, )/t y)A(z ad(y)|u(y))-
O i(iy) e, ()/e(iy) w

Combining (7.1.4), (7.2.26) and (7.2.30)—(7.2.32), we get (7.2.25). O

Al ad(y)| y=1,) =

A ad(y)|(y)) =

Now we prove Theorem 7.2.2.

Proof of Theorem 7.2.2. Put

Fy(A.1) = . / Ty (1) e GO (NATED — ) Ad (ke 20 |
Qr1)z Jew) 2
E E inE Yé |Y(§|2 dYE
TeE [pF (k)e™iP" Xo)je= 2 — 0 (7.2.33)
(2mt)2
By (7.1.3), we have
Ex.y(F.1) = exp(=272t| A + pu|*) Fy (A 1). (7.2.34)
Recall that r = p + ¢ = dimg 3(y). By the Weyl integration formula,
Fy(A. 1) = . % )2J, (y) Tr P)[ NATGD) Y Ad(k)e™ @ y)]
y (A1) 25 WK ). D] t| eyt 17Ty () Tr ( 2) )

2
i [0 (k) exp(—ip® (y))]e™ 2 dy. (7.2.35)
Recall that I(y) = % dimn(y). We can verity directly that if y € ¢,
) ()% = (1) P, )009)? det(G ad () lny ). (7.2.36)

Moreover, if y € tis such that m,_(,)/¢(y) # 0,

|7y ()2 _ ey /i(iy)?
1T/t ODI12 T () e (i9)?

(7.2.37)
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Then by Lemma 7.2.6 and (7.2.5), (7.2.32), (7.2.36), we get

ey e ()1
|7Tum(y)/t(y)|2
(—1)! ) +3 dimpa()+1

— det(1 — Ad(K))]y1 ()

Ty T OO (WA — ) Ad(k) exp(—iad(y))]

Trp "9 [e~940) Ad(k)]

~ det(1 — e™ ) Ad(K)) |1 () 12
-det(i ad A (i ad . (7238
30Dl A~ 80| g rggiy | 0239
Note that we have the even number
p—1=dimpu(y) +20(y). (7.2.39)
Now we can rewrite (7.2.35) as
Foag — CDZ VUK @)/ T) !
T @r0)2 WK (y)°. T)|  det(1—Ad(K))|(y)
'/t|77um(y)/t(y)|2det(i ad(y) lapye - A1 ad (D))
det(1 — e ) Ad(K)) .1 (1) 3
. [ det(1 — Ad(k)),L () ]

. Trﬁ\'(né)@’E [e—ipA.("“*?)®E(y)pA'(HE)®E (k)]e—lylz/Zl dy. (7.2.40)

Note that the functionin y € t

_ o det(1 — e~ 2O Ad(k))|,1 oy 2
u (y

A*(nOQE
Iy

T [P OEE ) A GDBE (1)) (7241

can be extended directly to a Upy (y)°-invariant function in y € uy(y). Since t is a Cartan subalgebra of
um(y), we can apply the Weyl integration formula for the pair (uy(y), t); we get

det(1 — ™10 Ad(k)) |1 () T2
[ det(1 — Ad(k)), L () }

c6(y) det(i ad(y))ln(y)e - A7 ad() )

Fy(A,t)= ;
! 2n1)2 Jyeua(»)

D ODSE (iph OB 0) A GDSE ()10= B 4y (7.2.4)

The constant cg () is defined by (7.2.5).
Note that
r=dimuy(y) +4I(y) + 1. (7.2.43)

If y € un(y), then

Qum(¥)
B(y, o ) € A2(uE(y)*). (7.2.44)
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If y € un(y), by [Shen 2018, equation (7-27)], we have

det(i ad(y)) |n(y)c 1 Qum(¥) max(y)
= ~ By, : 7.2.45
Q1)) i U > (7.2.45)

Combining (7.2.42)—(7.2.45), we get

_e—1ad(») 1
CG()/) ~q . det(l e '@ Ad(k))l L(@y) 2
Fao=S21[ a0 0
2t Lyeun(y) det(l_Ad(k))uH“—(y)
ax(y)
ATMOBE - A*(m*)QE ,—iy lB(y,w,,m)—ﬁ dy -
Tr [pA MOIBE (o =iV f)]e1 2 5 GG (7.2.46)
By (5.2.21) if y € upn(y), then
Qum(¥) Iy2 1 Qum(¥) Qum(¥) Bar)?® y
-2 = = — [1(3/)52
B(y, 2 ) 2 2B (y + w7 + 27 ) 82 ' (7247

Let AUm() be the standard negative Laplace operator on the Euclidean space (i (y), —B |y (y))- Then
by considering the heat kernel of —A'm(), we can rewrite (7.2.46) as

[ (Bt 2
21t [exp (_ 82t )

Fy(A,t)=

det(1—e~"%40) Ad(K)) L () } 3

t ~ 1.
.exp(EAum(Y)) { A l(l ad(y)|um(1/))|: det(l—Ad(k)) L )
U (¥

(7.2.48)

o % . ) max(y)
Tr;\ MO®E [PA (nc)®E(e—lyk)]} :|

_ Qum(»)
Y=="727

Recall that V5 , is an irreducible unitary representation of Ups with highest weight 1, (A). By (5.3.7),
for y € un(y), then

Tr?.(“g)g)E [pA.(“g)‘X’E (e_iyk)] = Z e(w) TrVro [pVA=‘” (e_iyk)]. (7.2.49)
weW,

Then we apply the generalized Kirillov formula (5.4.21) to each term in the right-hand side of (7.2.49),

we conclude that, for w € W, the function in y € uy,(y)

det(1— e~ 40 Ad(K)) .1 ()
det(l — Ad(k))u,J,;()/)

1
AN ad(y)|um(y))|: ] TrVae [pVAe (e 7V k)] (7.2.50)

is an eigenfunction of A (V) associated with the eigenvalue 472|n4(A) + py,,|?. Then the heat operator
exp(%A“‘“(”)) acts on the function (7.2.50) as a scalar €27 1110 (M) +oun* By (5.3.8), (5.3.9), for » € W,,
we get

Nw(A) + pu, = Po(@(A + py)). (7.2.51)

Combing the above computation with the term e 2% 2tlA+pul? i (7.2.34), by (7.2.10), we get the factor
2
e 27 10% w in (7.2.11).
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Now we deal with the main part in (7.2.48) after removing the heat operator exp(5 A% (")), We will

use the same notation as in Section 5.4. The orbit O

o (e (A)+pur) is defined in (5.4.17) equipped with a

Liouville measure du’. We claim the identity

Bla?oe®2
o)

- det(1—e= %W Ad(k
ST B Ol

det( 1 —Ad(k))qu_ )

Blar)>wo®)2
82t

1
5 ) max(y)
] Try A [pV Ao (e‘%)]} }

_ Qum(»)
Y=="727

max(y)
= Z <py(0,nw(A))-dimEC{’)’a[exp(— —(G(Uw(A)-l—pum),Q”"’(”)))] . (7.2.52)

oceWl(y)

Indeed, by (5.4.21), we have the following identity as elements in A'(uf; ) ):

det(1 — e~ 20) Ad(K)) |, 1 (5)
det(1 — Ad(k)), L (5)

_ um ()
= Y 90.10(A) / , eSS gy (7.2.53)
GEW 1 (y) f€o

{ff—l(z’ ad(y)|um(,,))|: T A [pVaw (e—iyk)]}

_ Qum(»)
Y=—""2%7

o (Mw (M) +poum)

Recall that the curvature form Q4 (") is invariant by the action of Ups(y)? on Yy (y). Since a; and
0¥ @) are invariant by Ups (y)°-action, so is Q=) Therefore, for f € um(y)*, u € Upr (y)°,

[ ( Bla?oe 2
expl ———————

max(y)
82t :|

) exp(—(Ad* (u) £, @4 )

Bla1)?w’e )2
82t

max(y)
= detAd(u)|ubL(y) |:exp(— ) exp(—( /. Qum(y)>)] . (7.2.54)

Since Ups (y)? acts on ué- (y) isometrically with respect to — B L)
detAd(u)lubL(y) =1. (7.2.55)

Then (7.2.52) follows from (5.4.6) and (7.2.53)—(7.2.55).
The right-hand side of (7.2.52) is a polynomial in ¢ ~L. Recall that dim uﬂ- (y) = 4l/(y). Then, for each
o € Wl(y), we can rewrite the term [---]™*®) in the right-hand side of (7.2.52) as follows:

I(y)

1 ( 1)] ﬁ(al)Zj Yo(¥),2j P\ 21(y)—2] »
E — ) . ~[w"® <. A u ’Qum 14 y jmax(y ' s
=0 v J '( l(}) 2])!(8712)J [ ((1)( +p ) ) ] ( )

Finally, putting together (7.2.7), (7.2.34), (7.2.48), (7.2.49), (7.2.52), and (7.2.56), we get (7.2.11). O

The Mellin transform of Ex , (F, t) (if applicable) is defined by the following formula as a function in
s € C with N(s) > 0:

+o00
MEx., (F, s):—ﬁ /O Ex., (F.0r "V dr. (1.2.57)
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If MEx,, (F,s) admits a meromorphic extension on C which is holomorphic at s = 0, we will set

PEx,y(F) = 9 MEx ,(F,s). (7.2.58)
ds ls=0

Theorem 7.2.7. Suppose that the dominant weight A is such that, for every € Wy, ba o # 0. Then, for

s € Cwith R(s) > I(y) + 1, MEx , (F,s) is well-defined and holomorphic, which admits a meromorphic

extension to s € C.

Moreover, we have the identity

MEx .y (F,s)
Z F(s) [;V:‘ e(@)py (0,10(A) 07, 5 (M) (27} )/ T2 } (7.2.59)
cewl@y)

Then MEx (F,s) is holomorphic at s = 0. We have

PEX,y(F) 1)
Y (471G + 1) .
- (Y)Z( Fr | T @A) Q],  er8 )t | 260
w1t

Proof. By Theorem 7.2.2, the assumption on A implies that £y , (F, t) decays exponentially as ¢ — +oo0.
By (7.1.6) and (7.2.11), we get (7.2.59). This proves the first part of this theorem.

Equation (7.2.60) is a direct consequence of (7.2.59) by taking its derivative at 0. This completes the
proof of our theorem. U

The formula in the right-hand side of (7.2.60) still looks complicated; we can rewrite it in a neat way
as follows. We introduce the following functions.

Definition 7.2.8. Let a! € b* take value —1 at a;. Note that y € T. For w € W,, 0 € Wl(y), if
A e Pr4(U), for z € C, set

P! p(2) =dim L, - [exp((RD, 6 (06 (A) + puy) + 27/~ 1a')) ™. (7.2.61)

Since 6 fixes Q) by the fact that det 8| wly) = 1, we have P”

w,0,A
Moreover, by the dimension formula (5.4.6), the coefficients of z/, j € N, in Py A(z) are polynomials

(z) is an even polynomial in z.

in A. Such polynomials are related to the Plancherel measures in the representatlon theory.

Lemma 7.2.9. We have the identity

WA+ !

= V2(2j +2)!
Proof. We have

. |bA,w‘
Y o (M2 (0 0)2) T2 = 21 /0 Pl A(0)dL. (7.2.62)

(Mo (A) + py, +2v/—=1a", Q%) = 2B(a )0’ P + (0 (A + py), Q') (7.2.63)
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. y . . .
Since Pw’ ol A (2) is an even function in z,

. I X
P! \(z)=dimE}, [(2B(a1)@ P +(w(A+p,), Qim0 ]P0

L
7 @)
W Blanz

dimEY . Y27 (g (A 4 ), QUn Y 2AW=27mXT) 75 0y
e L Gigy -zl e T e

Note that, for j =0,1,---,1(y),

bael o 1 2j+1
t</ dt = b . 7.2.65
/(; 2]. + 1| A,w| ( )

Then (7.2.62) is a consequence of (7.2.7), (7.2.64) and (7.2.65). O
As a consequence, we get the following formula for PEx ,, (F).

Theorem 7.2.10. Suppose that the dominant weight A is such that, for every w € Wy, b o 7# 0. Then

1bA .ol

Pexy(F) =2ncc()- Y swpyona() [ Pl (.26

weWy
oewly)

7.3. A family of representations of G. We recall a definition of nondegeneracy of A in [Bismut et al.
2017, Definition 1.13, Proposition 8.12].

Definition 7.3.1. A dominant weight A € P4 (U) is said to be nondegenerate with respect to the Cartan
involution 0 if

WU, Ty)-ANt* = 2. (7.3.1)
It is equivalent to
Ad*(U)ANE* = 2. (7.3.2)

Note that if such dominant weight exists, we must have §(G) > 0.

Let (E, pf) be the irreducible unitary representation of U with highest weight A € P, (U). By

the unitary trick, it extends to an irreducible representation of G, which we still denote by (E, p).

Then A being nondegenerate is equivalent to saying that (E, p£) is not isomorphic to (E, pZ o 6) as
G -representations (as in [Miiller and Pfaff 2013a]).

Definition 7.3.2. If A € t7;, for w € W(U, Ty), put
ar o= (w-A,vV—1lay) €eR. (7.3.3)

Recall the real number b, ,, is already defined by (7.2.9); then by ,, = a, 4 + dp, - In particular, we
simply put ay = a; 1, by = b ;.

Lemma 7.3.3. If A € P41 (U) is nondegenerate, then, for o € W(U,Ty), a, 4, # 0.
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Now we fix two dominant weights A, 1o € Py (U). Let {(Ez, pE4)}|sen be the sequence of
representations of G given by the irreducible unitary representations of U with the highest weights
d)d+ Ay, d eN.

Put F; = G xg E4. Let DX-Fa:2 denote the associated de Rham—Hodge Laplacian. For ¢ > 0, let
exp(—t DX-Fa:2 /2) denote the heat operator associated with DX-Fa:2/2 By taking A = dA + Ao, we
apply our results in previous subsection to the sequence &y, (Fy,1), d € N.

7.4. Asymptotics for identity orbital integrals. In this subsection, we specialize our results in Section 7.2
for y =1and A = dA + Ag. Now the set W(y) reduces to {1}, and I(y) =, ¢y (0, nn(A)) = 1. We
will drop the superscript y and subscript o in our notation

Moreover, for o € W, the representation E w,0=1 is just VA 4 introduced in (5.3.6), which is the
irreducible unitary representation of Ups with highest weight 1, (A) given by (5.3.8).

Definition 7.4.1. By taking A = d)A + A¢ in (7.2.7), we define the following functions in d: for
J=0,1,....1, o € Wy, set
Alo
0 (d) = 0, (d2 + 1)

(=D Bla)¥
o120 —2))'(8n2))

dim V3 1 20,0070 (@(d X + Ao + py), QU2 72/ |max - (7.4.1)

By the Weyl dimension formula, dim Vg3 4 5, ., is @ polynomial in 4. Then Q?fo (d) is a polynomial
in d of degree < % dim(g/h) —2;.
By Theorem 7.2.2 and (7.4.1), we get directly the following results.

Theorem 7.4.2. Fort > 0, we have the identity

l

G —J —27m2t(day . +birp.w)? HAsAo

NirTi E Ot EW e(w)e A 20 Qj,w (d). (7.4.2)
J= wEWy

Theorem 7.4.3. Suppose that A is nondegenerate with respect to 6. For d € N large enough and for
s € Cwith R(s) > 0, MZx (Fy,s) is well-defined and holomorphic, which admits a unique meromorphic
extension to s € C and is holomorphic at s = 0.

Ix(Fg.t) =

Moreover, we have the identities

MZx (Fy,8) = —— Z - () [Z £(0) 07} "0(d)(znz(dak,erbAO,w)Z)H%—S}, (7.4.3)
weWy
J+1; o
PIX(Fd)———Z( o +(2’)!+”![ Y s 2@ i o) | 04

.=0

In particular, the quantity PZx (Fy) is a polynomial in d for d large enough, whose coefficients depend
only on the given root system and A, Ay, and has degree < % dim(g/h) + 1.
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Proof. Since A is nondegenerate, by Lemma 7.3.3, a, ,, # 0, @ € W,,. Then there exists do € N such that
ford > do, (daj 4 + b)LO,w)2 > 0. Then by Theorem 7.2.7, we get first part of this theorem and (7.4.3),

(7.4.4).
Note that
(A 0+ big,0)]? = das.0+brgol:
For d > d,
|day o + bry.0l = sign(as o) (day o +biy.0)-
Then we see that PZy (Fy) is a polynomial in d for d large enough. O

As explained in Remark 5.3.3, when G has noncompact center with §(G) =1 (but U is still assumed to
be compact), most of the above computations can be reduce into very simple ones. Recall thatay, by, € R
are defined in Definition 7.3.2.

Corollary 7.4.4. Assume that U is compact and that G has noncompact center with §(G) = 1, and
assume that A is nondegenerate. Then, fort >0, s € C,

¢
Ix(Fy,t) = _G ,2m?t(daz+bi)? 4im Eg,

V2t
MIx(Fy.s) = ——8 F(S—_%)an(dm + b))V dimE,. (7.4.5)
’ V2r T(s) 0
Furthermore,
PIx(Fg)=2ncg|day+by,|dimE,. (7.4.6)

Proof. By the hypothesis, we get that [ = 0, W;, = {1} and 0{’}°(d) = dim E;. Then (7.4.5), (7.4.6)
are just special cases of (7.4.2), (7.4.3) and (7.4.4).

However, we can prove them more directly using a result of Proposition 4.1.6. It is enough to prove
the first identity in (7.4.5). Note that by (5.3.11), we have

X' =M/K, (7.4.7)
with §(X’) = 0.
By [Miiller and Pfaff 2013a, Proposition 5.2] or [Shen 2018, Proposition 4.1], we have
w1 |W(Ung. T)|/|W(K.T)

[e(TX', VTX)max — (—1)"2 VolUne 1K) (7.4.8)
Then by (7.2.6), we have
[e(TX', VTX ) max = _cq. (7.4.9)
By (4.1.28) and (7.3.3), we have
ap, = —2n(day +b,,). (7.4.10)

Combing (4.1.31) and (7.4.8) - (7.4.10), we get the first identity in (7.4.5), and hence the other identities.
This gives a second proof to this corollary. O
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7.5. Connection to Miiller and Pfaff’s results. In this subsection, we assume that G has compact center
with §(G) = 1. We explain here how to connect our computations in the previous subsection to the results
in [Miiller and Pfaff 2013a].

For y =1, w € W, the function PGJ:,O',A defined in (7.2.61) now reduces to

Py A(2) = dim VA o [exp((n(A) + pu,, +2v/—1a", Q4®))]™ (7.5.1)
We can verify directly that

Vol(Un /T) (@, 0 (A) + pu, +2v/=1a)

Vol(U/ Ty) "R w0 (@, pu) '
The scalar product in (7.5.2) is taken with respect to —B|,.. Up to a universal constant, Py, A (z) is just the
polynomial related to the Plancherel measure of representation V5 ,, as given in [Miiller and Pfaff 2013a,

Pw,A(Z) =

(7.5.2)

equation (6.10)]. Note that there is no factor (271)21 in (7.5.2) because of our normalization for |-
By Theorem 7.2.10, we have the following result for sufficiently large d.

]max.

Corollary 7.5.1. Suppose that X is nondegenerate with respect to 0. Then

|da)».w+b)u0,a)|
PIx (Fg) =2mcg Y &(w) / Po.diing(t)dt. (7.5.3)
0

weWy,

By [Miiller and Pfaff 2013a, Lemma 6.1], we can get the identity
IW(K,T)| =2[W(Kpm,T)|. (7.5.4)

Combining (7.2.6), (7.5.2), (7.5.4), we see that the formula in Corollary 7.5.1, is exactly the same formula
of [Miiller and Pfaft 2013a, Proposition 6.6] for PZy (F,;).

Recall that the U -representation E; has highest weight dA 4+ A¢ € P14 (U). Then by Weyl dimension
formula, dim £; is a polynomial in d. If A is regular, then the degree (in d) of dim E is % dimg/h.

For determining the leading term of PZy (F;), as mentioned in the Introduction, we can specialize
the result of [Bismut et al. 2017, Theorem 0.1] as in Section 8 of that work for the symmetric space X.
Here to emphasize PZy (Fy) being a polynomial in d, we state a result of [Miiller and Pfaff 2013a,
Proposition 1.3] as follows.

Proposition 7.5.2. Suppose that A is nondegenerate and that Ay = 0. Then there exists a constant
Cx . # 0 such that
PIx(Fg)=CxddimEgz + R(d), (7.5.5)

where R(d) is a polynomial whose degree is no greater than the degree of dim E 4.

Remark 7.5.3. Note that Miiller and Pfaff [2013a, Proposition 1.3] proved Proposition 7.5.2 by reducing
the problems to the cases G = SL3(R) and SO°(p, q) (pg > 1 odd). In particular, for certain examples
of A, they also worked out explicitly the constant Cy_; [Miiller and Pfaff 2013a, Corollaries 1.4, 1.5].

Similarly, if we take a nonzero Ao, we can repeat their computations for G = SL3(R) and SO°(p, q)
(pg > 1 odd) in order to get more explicit information on the leading terms of PZx (Fy).
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An important step in Miiller and Pfaff’s proof to Proposition 7.5.2 is reducing the computation of
PZIx (F;) to the cases where g = sl3(R) or so(p, ¢) with pg > 1 odd. Such reduction is already explained
in Section 4.2. More precisely, we have

X = X1 x X3, (7.5.6)

where X is one case listed in (4.2.1), and X3 is a symmetric space with rank 0.
We use the notation in Section 4.2 and assume G to be semisimple. Let A;, Ao,; be dominant weights
of U;, i =1, 2, such that

A=A1+2A2, Ao=2o,1+ 20,2 (7.5.7)
Now we consider the sequence dA + Ag, d € N. Then

Eqi=Egpi+201® Edrr+ig-- (7.5.8)

Since G is equal rank, the nondegeneracy of A with respect to 6 is equivalent to the nondegeneracy
of A1 with respect to 8;. Then by Proposition 4.2.2, after taking the Mellin transform, we have

MIx (Fy.s5) = [e(TX2, VI*2) ™2 dim E 43,42, , MZx, (Fa2, 420 1 5)- (7.5.9)
Then
PIx (Fg) = [e(TXo, VIX2) ™2 dim E 45, 120 , PIx, (Fap, +20.1)- (7.5.10)

Then we only need to evaluate PZy, (Fgj,+4, ) explicitly, which has been dealt with in [Miiller and
Pfaff 2013a, Section 6].

7.6. Asymptotic elliptic orbital integrals.

Definition 7.6.1. A function f(d) in d is called an exponential polynomial in d if it is a finite sum of
the term Cj,sez’rﬁs‘ldj with j €N, s € R, ¢ € C. The largest j > 0 such that ¢j ; # 0 in f(d) is
called the degree of f(d).

We say that the oscillating term 27V =1sd jspice if s € Q. We say that an exponential polynomial f(d)
in d is nice if all its oscillating terms are nice.

Remark 7.6.2. If f(d) is a nice exponential polynomial in d, then there exists an Ny € N~ such that
the function f(dNp) is a polynomial in d.

Note that by (5.4.18), ¢y (0, Nw(dA + Ag)) is an oscillating term in d, which is nice when y € T is of
finite order. The following theorem is a direct consequence of Theorem 7.2.10.

Theorem 7.6.3. Suppose that A is nondegenerate, and that y = k € T. Then, for sufficiently large d,
PEx .y (Fg) is an exponential polynomial in d. Moreover, we have

|da)l,a) +b/10,a)|

Pexy(Fa)=2mcc(y)- Y e(@)gy (0. n0(dA+ Ao)) /0 P! et (161)

weWy
aewl(y)
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If we consider G = Spin(1,2n+1), n > 1, as in [Fedosova 2015], then up to a constant, the exponential
polynomial };cp1(,) @y (0, Nw(dA + AO))Pcz,a,dAHo (¢) is just the one defined in [Fedosova 2015,
Proposition 5.1]. This way, our results are compatible with her results in [Fedosova 2015, Theorem 1,1]
for hyperbolic orbifolds.

Remark 7.6.4. Let Char(A) denote the character ring of the complex representations of a compact Lie
group A. One key ingredient in (7.2.66) is an explicit decomposition of characters of U into characters
of Ups (y)°. In the diagram below, we give two different ways of getting to this decomposition:

Char(U(y)%) (7.6.2)

Kirillov for yeU ®A°n(y)¢

/

A

@\.ﬂé) Kirillov for yeUpy

Char(Upy)

/

Char(U) Char(Upm (7)°)

\

The formula in (7.2.66) is obtained by the computations along the lower path in (7.6.2). We also have the
upper path, which is essentially the geometric localization formula obtained in Theorem 6.0.1.

We will use the same notation as in Section 6. The following theorem is a consequence of the geometric
localization formula obtained in Theorem 6.0.1.

Fork €T, let W(} (k) C W(U, Ty) be defined as in (5.4.14) with respect to R™ (u, ty). Foro € Wl} k),
the term go,g (0,dA + Ao) defined as in (6.0.8) is an oscillating term, which is nice if k is of finite order.

Theorem 7.6.5. Suppose that y = k € T is elliptic and that A is nondegenerate with respect to 0.
Then, for o € W(} (k), oA € Py (U(k)) is nondegenerate with respect to the Cartan involution 0
on 3(k). Ford €N, let Eg,d be the irreducible unitary representation of l~](k) with highest weight
doA +0 (Ao + pu) — puck)- This way we get a sequence of flat vector bundles { F, (’r‘, gtden on X (k). Then,
for sufficiently large d, we have

Pexy(Fa)= > of (0.dA+ ko)PIy)(FL ). (7.6.3)
oeW} (k)

Proof. The nondegeneracy of oA (0 € Wl} (k)) follows easily from the nondegeneracy of A and the
definition of W(} (k). For proving this theorem, we only need to prove (7.6.3). Actually, by Theorem 6.0.1,
for t > 0, we get

Exy(Fa.)=Y  ¢f (0.dA+Ao)Ix (FL 4. 0). (7.6.4)
oeW} (k)
Then (7.6.3) follows from the linearity of Mellin transform. O

8. A proof of Theorem 1.0.2

In this section, we complete the proof of Theorem 1.0.2; then Theorem 1.0.1 (and Theorem 1.0.17) follows
as a consequence. We assume that G is a connected linear real reductive Lie group with §(G) = 1 and
compact center, so that U is a compact Lie group.
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8.1. A lower bound for the Hodge Laplacian on X. We use the notation from Section 4. Recall that
e1,...,en is an orthogonal basis of TX or p. Put

m
Co =_Y"e?ecUy. (8.1.1)
=1

Let C%f-E be its action on E via pZ. Then
CQ:E — CgaH9E + CESE. (8.1.2)

Let A#-X be the Bochner—Laplace operator on the bundle A*(T*X) ® F associated with the unitary
connection VA (T X)®F.u pyq
O(F) = 35% — L(R™ (e, ¢j)er. er)c(ei)c(e)é(ex)(eq)

—CHHE 1 L(c(ei)e(e;) —Een)é(e)) R (ei e;), (8.1.3)
where RF is the curvature of the unitary connection VF on F.

Then O(F) is a self-adjoint section of End(A*(T*X) ® F), which is parallel with respect to
VAT T*X)®F.u - Equivalently, ©(F) is an element in End(A*(p*) ® E) which commutes with the
K-action. By [Bismut et al. 2017, equation (8.39)], we have

DXF2 = _AHX | g(F). (8.1.4)
Then, for s € Q2(X, F), we have

(DXF25 V1, > (O(F)s.s)L,. (8.1.5)

Let AH-X7 denote the Bochner—Laplace operator acting on (X, F), and let ptH ot (x,x") be the
kernel of exp(t AF>-X7 /2) on X with respect to dx’. We will denote by ptH’i (g) € End(A! (p*) ® E) its
lift to G explained in Section 3.2. Let AOX be the scalar Laplacian on X with the heat kernel th 0,

Let ||pfl’i (2)|| be the operator norm of pfl’i (g) in End(A’ (p*) ® E). By [Miiller and Pfaff 2013b,
Proposition 3.1], if g € G; then

H,i X,
Ip (@)l < P (2)- (8.1.6)
Let ptH be the kernel of exp(t A™>X /2), then
p
i =@ r". (8.1.7)

i=1

Let th’F be the heat kernel associated with DX’F’Z/Z, by (8.1.4), for g € X,

O(F
th’F(g)ZGXp(—t ( ))pf(g)- (8.1.8)

2

Recall that P4 (U) is the set of dominant weights of U with respect to R (u, ty) defined in
Section 5.3. As in Section 7.3, we fix A, A9 € P+4+(U) such that A is nondegenerate with respect to 6.
Recall that, for d € N, (E4, p£4) is the irreducible unitary representation of U with highest weight
d A + Ao, which extends uniquely to a representation of G. By [Bismut et al. 2011, Théoreme 3.2; 2017,
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Theorem 4.4, Remark 4.5; Miiller and Pfaff 2013a, Proposition 7.5], there exist ¢ > 0, C > 0 such that,
ford e N,

O(Fy) > cd*-C, (8.1.9)
where the estimate d? comes from the positive operator CoH.Ea By (8.1.4), (8.1.5), (8.1.9), we get
DXFa2 > 42 . (8.1.10)
Lemma 8.1.1. There exists do € N and co > 0 such that ifd > dy, g € G,
laF ()]l < e 0™ p0(e). (8.1.11)

Proof. By (8.1.9), there exist dg € N, ¢’ > 0 such that if d > d,

O(Fy) > c'd?. (8.1.12)
Then if t > 0,
tO(F ,
exp(_ (2_d))“ < ebed, 8.1.13)
By (8.1.6), (8.1.7), (8.1.8), (8.1.13), we get (8.1.11). O

The locally symmetric orbifold Z is defined as I"\ X, where I" is a cocompact discrete subgroup of G.
For y € T', the number m,, > 0 is given by (3.3.3), which only depends on the conjugacy class of y (in G
or I'). Recall that E[I'] is the finite set of elliptic conjugacy classes in T

Fort >0, x € X, y €T, set

vi(Fg. o) = Tl T 0BF (N AT _ BN (c y (yy | (8.1.14)

Then by Lemma 8.1.1, we have the following result.

Lemma 8.1.2. There exist Cy > 0, co > 0 such that if d is large enough, fort >0, x € X, y €T,

. _ 2
[v:(Fg.7,x)| < Co(dim Eg)e=04"* pX-0(x y(x)). (8.1.15)
Set

f=  inf my. (8.1.16)
[yle[T-E[r]

By [Liu 2018, Proposition 1.8.5], mp > 0.

Proposition 8.1.3. There exist constants C > 0, ¢ > 0 such that if x € X, t €10, 1], then

Yoo pky) =cC exp(—%). (8.1.17)

y €L,y nonelliptic

Proof. By [Donnelly 1979, Theorem 3.3], there exists Cy > 0 such that when 0 < ¢ <1,

2 /
M). (8.1.18)

pf(’o(x, x) < Cot ™2 exp (— 1
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By [Liu 2018, Lemma 1.8.6], there exist ¢ > 0, C > 0 such that for R > 0, x € X,
#{y € I' | y nonelliptic, d) (x) < R} < C exp(cR). (8.1.19)

By (8.1.16), (8.1.18), (8.1.19), and using the same arguments as in the proof of [Miiller and Pfaff 2013b,
Proposition 3.2], we get (8.1.17). O

8.2. A proof of Theorem 1.0.2. In this subsection, we complete our proof of Theorem 1.0.2. Note that
every elliptic element y € I is of finite order, then part (2) of Theorem 1.0.2 is an easy consequence of
Theorem 7.6.5. We only need to prove part (1). We restate it as follows.

Proposition 8.2.1. Let I' C G be a cocompact discrete subgroup and set Z = I'\ X. There exists ¢ > 0

such that, for d large enough,

Vol(Z) Vol(T' N Z(y)\X(y))
57 o 2 S0

[yleE*[T]

T(Z.Fy) = PEx.y(Fg) + 0%,  (8.2.1)

where E1[['] = E1[T]\{[1]} is the finite set of nontrivial elliptic classes in ['].
Proof. By (8.1.10), we have

D% Fa2 > g% _c. (8.2.2)
Then if d is large enough, we have

H*(Z,F;)=0. (8.2.3)

Then T(Z, F;) can be computed using (2.2.15).
Asin (2.2.12), for t > 0, set

b(Fy,1) = (1 + 218%) Tt [(NA°(T*Z) - %) exp(—@)]. (8.2.4)

As in [Bismut et al. 2017, Section 7.2], by (8.2.2), there exist constants ¢ > 0, C > 0 such that, for d
large enough and for ¢ > %,

|b(Fz.1)| < C exp(—éd — ét). (8.2.5)
By (2.2.15), we have
+o00 dt
T(Z,Fy) = —f b(Fy,t) - (8.2.6)
0
We rewrite it as
+o0o d F t
T(Z, Fy) =—/ b(Fd,t)ﬂ—/ b("—;) dr 8.2.7)
l/d t 0 d t

By (8.2.5), there exists ¢ > 0 such that, for d large enough,

+o00
/ b(Fy.1) # = O(e™¢9). (8.2.8)
1/d
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By (3.5.1), (8.1.14), (8.2.4), we get

b(Fy,1) = (1+2z 0 )/ ST Zv,(Fd v, z)dz. (8.2.9)

We split the sum in (8.2.9) into two parts,

>+ > (8.2.10)

yel,y elliptic  y€T,y nonelliptic
so that we write

b(Fg.,t) = betiptic(Fg ) + bnoneltiptic (Fg . 7). (8.2.11)
Similar to Selberg’s trace formula in Section 3.5, we get
Vol(I"'N Z(y)\X () d
beniptic(Fg,t) = 14+2t— )& Fi.1). 8.2.12
wpic(Fa )= ) sor (2 g Fan (8:2.12)

[vleE[T]
By (7.4.2) and (7.6.4), the terms in Ex , (F;,t) are of the form

(I exp(—2n?t(da’ + b)) 0(d), (8213

where Q(d) is a nice exponential polynomial in d, and a’, b’ € R with a’ # 0 due to the nondegeneracy
of A. By (8.2.13), there exists ¢ > 0 such that, for d large enough,

de _ [T dt _
/ belllptlc(Fd» d2) PR / bel]iptic(Fda t) T + O(e Cd). (8.2.14)
0
Using Proposition 7.1.1 and by (8.2.13), we get
400 9
Péx,y(Fa) = —/ (1 +25- )€X y(Fa, t) (8.2.15)
0

Now we consider the contribution from the nonelliptic elements. If x € X, put

he(Fyg,x) = W > wiFayx). (8.2.16)

y €T,y nonelliptic
Then

d
buonenipie(Fa» 1) = (14215 / he(Fy.z)dz. (8.2.17)
z
Now we prove the following uniform estimates for x € X:
d
0 dt -
/0 (1 +2t§)ht/d2(Fd,x) & =o@E™). (8.2.18)

Indeed, using Lemma 8.1.2 and Proposition 8.1.3, there exist C > 0, ¢’ > 0, ¢” > 0 such that if d is
large enough, 0 <t < d, then

c”dz)‘

eja>(Fa. %)| = € dim(Eq)e ™" exp(—

(8.2.19)
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Recall that dim £ is a polynomial in d. Then by (8.2.19), we have

1 1
' [O ht/dz(Fd,x)% < Ce™<" 12 dim(Ey) fo e—C”dz/Zf% = 0(e™Y),

d
dt
‘/1 hejaz (Fa, x) =~

By (8.2.19)—(8.2.20), we get (8.2.18).
At last, we assembly together (8.2.7), (8.2.8), (8.2.11), (8.2.14)—(8.2.18), we get exactly (8.2.1). [

p (8.2.20)
—c’d 3; —c’t ﬂ _ —cd
<Ce dim(E ) e = O(e ).
1

Note that since 7 (Z, Fy) is always a real number, (8.2.1) still holds if we take the real part of
PEx,y(Fg) instead.
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